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ABSTRACT

Let D be a finite dimensional division algebra over a local field of charac-
teristic p and let SL; (D) denote the group of elements of reduced norm
1 in D. In this paper we prove that SLi(D) is finitely presented as a
profinite group.

1. Introduction

Let F be a local field of (positive) characteristic p. Let D be a finite dimensional
central division algebra over F', and let SL;(D) denote the group of elements
of reduced norm 1 in D. The goal of this paper is to prove the following result.

THEOREM 1.1: The group SLi(D) is finitely presented as a profinite group.

The notion of finite presentability for profinite groups is defined in the usual
sense of category theory, but in general is hard to analyze. Things become easier
if one considers pro-p groups instead of profinite groups, in which case a simple
cohomological criterion is available (see [Wil]).

THEOREM 1.2: A finitely generated pro-p group G is finitely presented (as a
pro-p group) if and only if H*(G,F,) is finite.!

* This work is part of the author’s Ph.D. Thesis at Yale University.

1 Here F, is a finite field with p elements, considered as a trivial G-module, and
cohomology is based on continuous cochains. Recall that H?(G,TF,) is in bijec-
tive correspondence with equivalence classes of topological central extensions of
G by F,.
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Remark: By a theorem of Lubotzky [Lul], a pro-p group is finitely presented
as a pro-p group if and only if it is finitely presented as a profinite group.

Just as in the case of abstract groups, finite presentability of profinite groups is
a commensurability invariant (recall that two groups are called commensurable if
they have isomorphic subgroups of finite index). Since SL;(D) contains a finite
index pro-p subgroup, the assertion of Theorem 1.1 is equivalent to finiteness of
H?(G,T,) for some (hence arbitrary) open pro-p subgroup G of SL;(D).

In [PR], Prasad and Raghunathan established vanishing of H?(SL1(D),Q/7Z)
(where Q/Z is given discrete topology and the action of S Ly (D) is trivial), which
immediately implies that H%(SL1(D),F,) = 0. The assertion of Theorem 1.1
does not follow from this result, since finiteness of cohomology is not necessarily
preserved under the passage to a finite index subgroup. Still, many ideas from
[PR] are used in the present paper, although they are often expressed in different
language.

Theorem 1.1 settles the last open case of the following question posed by
Yiftach Barnea.

QUESTION: Let G be a connected, simply-connected, (absolutely almost) simple
algebraic group defined over a (non-archimedean) local field F. If U is an open
compact subgroup of G(F'), is U finitely presented as a profinite group?

If F has characteristic zero, then U must be p-adic analytic and hence finitely
presented (see [DDMS]). Recently, Lubotzky [Lu2] answered the above question
affirmatively for all isotropic groups. Finally, if G is a connected simply-
connected simple algebraic group defined and anisotropic over a local field
F, then by Tits’ classification G(F) is isomorphic to SL;(D) for some division
algebra D. Since SLi(D) is compact, its open subgroups are of finite index and
hence finitely presented by Theorem 1.1.

The proof of Theorem 1.1 is based on certain relations between cohomology
of pro-p groups and associated graded Lie algebras. Our method? is described
in detail in Section 3; here we just explain how Lie algebras come into play and
motivate some of the later definitions. Some notations and terminology below
are introduced for expository purposes and will not be used in the rest of the
paper.

Given a finitely generated pro-p group G, let L(G) be the Lie algebra of G

2 A somewhat similar method was used in [Er], but the language in that paper is
different.
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with respect to the lower central series. The following result was suggested to
the author by Efim Zelmanov.

PRroOPOSITION 1.3: If L(QG) is finitely presented (as a Lie algebra over the ring
of p-adic integers), then G is finitely presented (as a pro-p group).

Unfortunately, we do not know any interesting examples where the hypothesis
of Proposition 1.3 holds. Nevertheless, we would like to sketch a proof of this
result. We give not the shortest argument, but the one which will lead us to a
suitable generalization.

By Theorem 1.2, a finitely generated pro-p group G is finitely presented if and
only if G has only finitely many (non-equivalent) topological central extensions
by F,,; we will call such extensions elementary. With each elementary extension
E=1—-T, — G — G — 1 one can associate an elementary extension of Lie al-
gebras L(E) := 0 — F, — L(G) — L(G) — 0. The correspondence £ — L(€) is
not injective; however extensions L(€) and L(&’) are non-equivalent provided £
and &’ have different depths. The depth of an extension 1 — F, — G 2, G—1
is defined to be the largest integer n such that Ker ¢ C fyné. Now suppose that
G is not finitely presented. Then it is easy to show that G has elementary exten-
sions of arbitrarily large depth. It follows from the above argument that L(G)
has infinitely many elementary extensions and therefore L(G) is not finitely
presented. This finishes the sketch of a proof of Proposition 1.3.

Let us say that an elementary extension of L(G) is integrable, if it is of the form
L(&) for some extension & of G. Now suppose that G is finitely presented, while
L(G) is not. This means that L(G) has infinitely many elementary extensions,
but only finitely many integrable ones. So, if we want to prove that G is finitely
presented by classifying extensions of L(G), we need to find necessary conditions
for an extension of L(G) to be integrable. The latter seems to be a hard task.

The problem can be resolved by considering Lie algebras with respect
to filtrations other than the lower central series. Omne natural choice is the
“e-step lower central series” (where e is a fixed positive integer), i.e. the series
YeG D v2cG D Y3¢G D ---. Let L°(G) be the corresponding Lie algebra. As
above, there is a correspondence £ — L¢(£) between elementary extensions of
G and elementary extensions of L¢(G), and we can define the notion of an inte-
grable extension. The new feature is that L¢(G) is acted on by G in a non-trivial
way (for e > 1). As a result, one can write down easily verifiable conditions
which must hold for every integrable extension of L¢(G). “Ideally”, one would
like to find e such that only finitely many extensions of L¢(G) satisfy those
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conditions. However, even if we are unable to do that, we may still be able to
prove finite presentability of G as follows:

a) for every e € N classify elementary extensions of L¢(G);

b) show that for any sufficiently large n there exists e = e(n) with the following
property: if an elementary extension of L¢(G) is of the form L¢(£), then the
depth of £ cannot be equal to n (hence G has no elementary extensions of depth

The point is that if £ is an elementary extension of G, then L¢(€) carries
some information about the depth of £. So, even if we cannot show directly
that L¢(G) has only finitely many integrable extensions, we may still be able to
establish b).

As far as part a) is concerned, note that in general not all elementary ex-
tensions of L¢(G) are accounted for by the cohomology group H?(L¢(G),F,),
since some of those extensions do not split even on the level of abelian groups.
However, if G is the first congruence subgroup of SL;(D) (which is our case of
interest), this problem does not arise: we will show that for any central exten-
sion 1 — F, — G — G — 1, both L¢(G) and L°(G) are F,-Lie algebras for a
suitable choice of e, whence every integrable extension of L¢(G) is represented
by some element of H?(L¢(G),F,).

Final remark: The filtrations we will use in the actual proof of Theorem 1.1
are not “e-step lower central series”, but their truncated versions (which we call
basic filtrations). This minor technical modification does not affect the idea
of the proof.

Organization: In Section 2 we recall basic facts about filtrations in pro-p groups
and associated Lie algebras. The general method used to prove Theorem 1.1
is described in Section 3. In Section 4 we review the structure of division
algebras over local fields. Section 5 is concerned with computation of the second
cohomology of Lie algebras associated with basic filtrations of SL}(D). In
Section 6 we use the obtained information to complete the proof of Theorem 1.1.
In the cases p = 2, d = 4, and p = d = 3 (where d is the degree of D over F),
some of the results of Section 5 require different proofs — these are given in
Sections 7. The proof of Theorem 1.1 in the case p = d = 2 (which requires
more serious modifications) is given in Section 8.

ACKNOWLEDGEMENTS: I am extremely grateful to Alex Lubotzky for posing
the problem and to Efim Zelmanov for proposing the use of Lie methods for
finite presentability questions. I would like to thank Alex Lubotzky, Gregory
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on finite fields.

Basic notations: Throughout the paper Z will stand for integers, and N for
positive integers. A finite field of order g will be denoted by F,, and the ring of
p-adic integers by Z,,. If x is real number, then [z] is the largest integer which
does not exceed z. Finally, we will write a =,, b for a = bmod n.

2. Filtrations of pro-p groups and associated graded Lie algebras

Let G be a pro-p group. As usual, given g,h € G, we set (g,h) = g~ *h~1gh.
If A and B are subsets of G, let (A, B) be the closed subgroup generated by
the set {(a,b) | a € A,b € B}. The n'" term of the lower central series of G is
denoted by ~,G.

Let w = {w1G 2 w2G D - - -} be a descending chain of closed normal subgroups
of a pro-p group G. We will call w a filtration of G if (w;G,w;G) C w;4+,;G for
all 4,7 > 0. Note that our definition does not include standard requirements
a) w1G =G, b) Nw;G = {1} and ¢) w;G is open in G.

The graded Lie algebra of G associated with the filtration w will be denoted
by L“(G). As a graded abelian group, L*(G) = @, -, wnG/w,+1G, and the
bracket is defined as follows: given ¢ € w;G\w;+1G and h € w;G\w;j+1G, set
[gwit1G, hwj 1G] = (g, h)wi1j+1G. For each n > 1, the quotient w,G/wp+1G
has the structure of a right G-module with respect to the “conjugation” action.
More precisely, given g € w,G and h € G, we set (gwn11G)" := g"wn11G where
g" = h~'gh. Extending by linearity, we obtain a grading-preserving action of
G on L¥(@), which respects the Lie bracket. Note that if w1 G = G, this action
is necessarily trivial.

Since G is pro-p, for every g € G and a € Z, there is a well-defined element
g“; it follows that L“(G) has the structure of a Lie algebra over Z,,. If (w;G)P C
w;+1G for all i, w will be called a p-filtration; in this case pL*(G) = 0, so
L¥(G) becomes a Lie algebra over F,.

Once again, fix a filtration w = {w;G} of a pro-p group G. Let g € G. If
g € wpG\wp+1G for some n, the coset gw,1G (which can be thought of as
an element of L (G)) will be called the w-leading term of g and denoted by
LT, (g). The number n will be referred to as the w-degree of g and denoted
by deg,(g). If g € ;> wiG, we set LT,,(g9) = 0 and deg,(g) = occ. If g € w1 G,
both the w-degree and the w-leading term will be undefined.
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Given a subgroup H of G, the Lie subalgebra of L“(G) corresponding to H
is L&(H) == @;2,(H NwiG)wit1G/wit1G. Since (H N w;G)wit1G/wit1G is
naturally isomorphic to (H Nw;G)/(H Nw;41G) for all i, we can identify Lg(H)
with the Lie algebra of H associated with the filtration {w;G N H}$2,.

3. Lie algebras as a tool for proving finite presentability of pro-p
groups

3.1 FINITE PRESENTATIONS AND COVERING MAPS. Finiteness of the second
cohomology group H?(G,F,) is one of several conditions that are equivalent to
finite presentability of a pro-p group G. In order to state the other conditions
we introduce the following definition.

Definition: Let G be a pro-p group. A cover of G is a pair (G’, ¢), where G is
another pro-p group and ¢: G — G is a surjective homomorphism. We say that
a) (Cl, @) is a non-trivial cover, if Ker ¢ # 1,
b) (G,¢) is an elementary cover, if Ker ¢ = F,,.
The depth of a non-trivial cover (G’ , @) is the largest integer n such that Ker ¢ C
Yo G. We will write dep(G, ¢) = n.

Note that if (é, ¢) is an elementary cover, then Ker ¢ is central in G. Indeed,
the order of the group A = Aut([F,) is not divisible by p, so there is no non-trivial
homomorphism from G to A.

Remark: The difference between an elementary cover and an elementary ex-
tension (extension of G by F,) is that in the definition of an elementary cover
we do not specify the embedding of F, into G. Thus, each elementary cover
corresponds to (p — 1) non-equivalent elementary extensions.

PROPOSITION 3.1: Let G be a finitely generated pro-p group. The following

are equivalent:
a) G is finitely presented;
b) H%*(G,F,) is finite;

)
¢) G has finitely many equivalence classes of elementary extensions;
d) The depths of all non-trivial covers of G are uniformly bounded;
e) The depths of all elementary covers of G are uniformly bounded.

Proof: The equivalence of a), b) and c) is well known (see [Wil]), and it is clear
that ¢) implies e). So, it is enough to show that e) implies d) and d) implies a).
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e)= d) Let N be a bound for the depths of elementary covers of G. Let
(G‘, ¢) be a non-trivial cover of G, let n = dep(é, @), and let K = Ker¢. We
know that K C %LG’ and K € 41 G, so there exists a subgroup H of K such
that K N fynH(A}’ C H and |K : H| = p. It is easy to see that H is a normal
subgroup of G, and (G‘ /H, @) is an elementary cover of G (where ¢ is defined
in an obvious way). Therefore, dep(é’ /H,¢) < N by assumption. On the other
hand, we have dep(G/H,$) > n since Ker¢ C ~,G/H = ~,(G/H). Hence,
n<N.

d)= a) Since G is finitely generated, it has a presentation

<ZL'1,...,IL'm|7’1,T2,...>

with the following property: for every n > 0 all but finitely many relators {r;}
lie in 7, F, where F' is the free pro-p group on {1, za,..., Ty} (this is true
because each quotient v, F'/v,41F is a finitely generated Z,-module).

Now let N be a bound for the depths of non-trivial covers of G, and let
r1,...,7; be all defining relators in the above presentation which do NOT lie in
Yn+1F. Clearly, the group G = (1, Zm | r1,...,71) is a cover of G of depth
at least N + 1. Therefore, GG is isomorphic to G and hence finitely presented.
|

3.2 CENTRAL EXTENSIONS: FROM PRO-p GROUPS TO LIE ALGEBRAS. Let G
be a pro-p group whose finite presentability we are trying to establish. For the
rest of this section we fix an elementary cover (Cl, ¢) of G, and let N = dep(é’, ?).
We will describe a Lie algebra method which can be used to show that no
such cover exists for sufficiently large N (and hence G is finitely presented by
Proposition 3.1).

In this subsection we define a suitable filtration of G' and an IF,-valued
2-cocycle of the associated Lie algebra L*(G) which carries a lot of useful infor-
mation about the cover (G‘, ¢). At some point we will need to assume that G
satisfies certain condition, which holds automatically if (7, G)P C ~,;G for all i.

Fix a positive integer e such that e < N, and let ¢ = [N/e]. Given a pro-p
group H, let {w;H} be the filtration of H defined by setting w; H = 7.;H for
i < cand w;H = yyy1H for i > c¢. In what follows, we refer to this filtration
as the basic filtration of type (N,e). Let L¥(H) = @2, L¥(H) be the
associated graded Lie algebra. Note that LY(H) = 0 for i > c.

Recall that we have a “conjugation” action of G on L*(G) and of G on L*(G).
Since Ker ¢ is central in G, Ker ¢ acts trivially on L*(G). Hence both L¥(G)
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and L¥(G) are G-modules. Moreover, the G-submodules L¥(G) and L¢(G) are
isomorphic for 7 < ¢, since dep(é, ) > ce.

From now on we use shortcut notations L = L*(G), L = L*(G) and L¢ =
L¥(G), LY = L¥(G) for i € N (of course, L¥ = 0 and L¥ = 0 for i > ¢).

Define ¢,: L — L by setting ¢, (jwis1G) = ¢(§)wis1G for § € wiG. Let
¢; be the restriction of ¢, to D;’ Clearly, ¢, is a Lie algebra homomorphism
preserving the G-action, ¢; is surjective for all i and injective for i # ¢, while
Ker¢. = F,.

In order to proceed we need the following technical lemma.

LEMMA 3.2: Let G, G and N be as above. Let f: N — N be a function such
that (7;G)? C v¢;)G. Then for all i € N we have (’yié)p C ’Ymin(f(i),N)é and
(YG)P € Ymin(pli—1)+1, f(i—1)+1) G-

Proof: The first half of the statement is clear since Ker ¢ C nyG‘ . The second
half can be proved using the following well-known congruence (see [LM]):

(z¥,y) = (z,y)" mod K (z, (,y)),

where K (a,b) is the normal closure of v,(a,b) - (y2(a, b))? in (z,y).
We omit the details and refer the reader to [Er, Lemma 4.2], where a very
similar statement is proved. |

COROLLARY 3.3: Suppose that ¢ > 2 and (v;G)P C 7,;G for all i > 1. Then
{wzé’} is a p-filtration, i.e. (wié)p C wiHG' for all i.

From now on we will assume that the conclusion (not necessarily the hypoth-
esis) of Corollary 3.3 holds. It follows that L is a Lie algebra over F, (and so is
L). After choosing an isomorphism between Ker ¢, and F,, we obtain a central
extension of graded IF,-Lie algebras:

(3.1) 0-F, - L2510

This extension splits on the level of graded F,-vector spaces. In other words,
there exists a linear map f: L — L, such that ¢,f = id and f(LY) C E;"
for 1 < ¢ < ¢. We shall call such map an w-graded splitting or simply
an w-splitting. Note that the restriction of an w-splitting to LY is uniquely
determined for i # c.

Next we introduce two functions which encode the above central extension.
Given f as above, define 37: G x L — L as follows:

37(g,u) = f(w)? = f(u?).
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Note that

P(37(9,u)) = 02 (f(1)?) = 02 (f(u?)) = (0 f (1)) = ¢ f (u7) = u? —u? =0,

whence Im(37) C Ker ¢.. Now define Z;: L x L — L by setting

Z(u,v) = f([u, v]) = [f(w), f(v)]-

Once again, we have Im(Z;) C Ker ¢,.

Of course, Z; is a 2-cocycle of L with values in the trivial L-module F,,
and the cohomology class of Z¢ in H?(L,F,) does not depend on the choice of
f. Any 2-cocycle cohomologous to Z; is equal to Zy for another splitting f’;
however f’ is not necessarily an w-splitting. It is important to know when the
latter is the case.

Let us say that a map C: L x L — L is w-graded if C(Ly,LY) < E‘fﬂ for
i,j € N. Under the chosen identification of I, with Ker ¢,, amap C: LxL — T,
is w-graded if and only if C(L¢, LY) = 0 whenever i+ j # ¢ (since Ker ¢, C Dj)
Clearly, Z; is an w-graded 2-cocycle. Now define the graded cohomology group®
H g27.(L, F,) to be the quotient space of w-graded 2-cocycles modulo w-graded 2-
coboundaries. It is easy to see that a 2-cocycle C is equal to Z; for some
w-splitting f’ if and only if

a) C is w-graded,

b) C and Z; represent the same class in H}, (L, Fy).

Cohomological interpretation of 3¢ will not be needed, but let us state it
anyway. Define the left G-module structure on Hom(L,F,) in the usual way:
given I: L — F, and u € L, set (g *)(u) = l(u?). One can check that the
function from G to Hom(L,F,) given by g — (u — 35(g,u)) is a 1-cocycle, and
its cohomology class [37] € H' (G, Hom(L,F,)) does not depend on f.

Definition: Let C: L x L — T, and ¢: G x L — F, be any maps. We will say
that C and ¢ are compatible if

(3.2) (g, [u,v]) = C(u,v) — C(u?,v?), forany g e G and u,v € L.

The key relation between Lie algebra and group cohomology is provided by
the following result.

3 This notion is introduced for expository purposes only. In the actual proof we
will always work with cocycles and not their cohomology classes.
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PROPOSITION 3.4: The maps Zy and 35 are compatible.

Proof: Note that G acts trivially on Ker ¢, whence Zy(u,v)? = Zy(u,v) for
all u,v € L. Thus the right-hand side of (3.2) is equal to
(

Zg(u,0)? = Zp(u?, o) = f([u,v])? = [f(w), F0)]7 = ([0, 07]) + [f (u?), f(07)]
= flw,v]))? = [f(w)?, f(0)7) = f([w, 0]7) + [f (u?), f(07)]
=379, [u,v]) = [f(w)?, f(0)°] + [f (u?), f(07)].

Now f(w)9 — f(w9) € Ker ¢, for any w € L, and Ker ¢, lies in the center of L.
Therefore, [f(u)?, f(v)9] = [f(u9), f(v9)], and we are done. |

The following simple observation is recorded here for future use.

CLAIM 3.5: Let Q2 be a subset of L x L such that if (u,v) € ), then
(w9, 09) € Q  for any g € G.

IfC: L x L — T, and ¢: G x L — [F, are compatible, then the values of C' on §)
determine the values of ¢ on G x ', where ' = {[u,v] | (u,v) € Q}.

3.3 COMPUTING THE GROUP 1-COCYCLE 3¢. Suppose now that we explicitly
constructed w-graded 2-cocycles C1, ..., C) whose cohomology classes form a
basis for H2,.(L,F,). Then for a suitable w-splitting f we have Z; = 3> \;C;
for some A; € [F,. Proposition 3.4 enables us to write a formula for 3 = 3¢ (or
rather its restriction to G x [L, L]) in terms of {\;}.

The next step is to find restrictions on the values of \;. These can be obtained
by finding suitable pairs of commuting elements of G.

LEMMA 3.6: Let g and h be commuting elements of G. Assume that deg ,(h?) =
¢ and let w = LT, (h?) € L¥. Then 3(g,u) = 0.

Proof: Tt is enough to show that f(u)? = f(u). Indeed, this would imply that
u = (6. ()7 = 6. (FW)?) = 6.(F(w) = u, whence f(u?) = f(u).

Choose §,h € G such that ¢(h) = h and ¢(§) = g, and let & = LT, (h?).
Clearly, & — f(u) € Ker¢,. Since G acts trivially on Ker ., f(u)? = f(u)
if and only if 49 = 4. The latter holds if and only if (hp,g) € ’7N+1G Let
k= (h, g). Tt follows from the Hall-Petrescu formula (see [DDMS, Appendix A])
that (h?, §) = kPw where w is a product of elements of the form {(k,s) | s € G}.
Since g and h commute, k € Ker ¢. But Ker ¢ is central in G and has order p.
Therefore kP = w = 1, whence (izp,g) =1. ]
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The objective is to find enough restrictions on the {\;} to conclude that
3 vanishes on G x U, where U = yn_1G/yn+1G C L¥. The latter would
contradict the following lemma.

LEMMA 3.7: Let U = ’)/N_lG/’)/N+1G, V= 'yNG/'yN+1G, U = ’yN_lé/’yN+1é,
V = ynG/vyN+1G (note that V. C U C LY and V C U C L¥). The following
hold:

a) V is the linear span of elements of the form f(u)? — f(u), where u € U
and g € G.

b) The restriction of 3 to G x U is non-trivial.

¢) The restriction of 3 to G x V is trivial.

Proof:  a) First observe that f(u)? — f(u) € V for any v € U and g € G, since
fU)cUand @9 —a eV for any 4 e U.

Given 0 € V, let h € yxG be such that LT,,(h) = #. There exist elements
h; € ’yN_lé and k; € G such that h = H(hi,k:i)modmvﬂé. Since (h;, k;) =
hith¥ ) we have

o =1T,(h) =) (af — ;) where d; = LT, (hs) € U.

Now let u; = ¢, (@;) € U. Clearly, 4; — f(u;) € Ker ¢,. Since G acts trivially
on Ker ¢., we conclude that @ — @; = f(u;)¥ — f(u;) which takes care of a).

b) Suppose that 3 vanishes on G x U. Then for any u € U and g € G we have
f(w)? = f(u9), whence f(u)? — f(u) = f(u9 —u). Since u? —u € V for any
u € U, part a) implies that V C f(V). Since V D Ker ¢, and Im f NKer ¢, = 0,
we conclude that Ker ¢, = 0, which is impossible.

c¢) This is very easy and left to the reader. |

Remark: The method we just described may fail or succeed depending on the
choice of the number e (appearing in the definition of w). In general, the larger
e is, the more relations between {\;} Lemma 3.6 yields. However, the dimension
of the group H*(L,F,) also grows with increasing e. The optimal choice of e
depends largely on G, but the basic guideline is that neither e nor N/e should
be too small. As a rule, the larger NN is, the easier it is to find a suitable value
of e.
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4. The group SL;(D)

We start by reviewing the structure of division algebras over local fields. For
more details the reader is referred to a paper of Riehm [Ri].

Let F be a local field of characteristic p. Let D be a finite-dimensional central
division algebra over F' and let d be the degree of D over F. Then there exists
an unramified extension W of F' of degree d, a generator o of the Galois group
Gal(W/F) and a uniformizer 7 of D such that

(4.1) rwn ' =o(w) for all w e W.

Denote by Or, Oy and Op the valuation rings of F'; W and D, and by mp,

myy, mp the corresponding maximal ideals. It is easy to see that 7 := 7% is a

uniformizer of F', so we have mp = 7Op, mp = 7Op and myy = 70w .

Let w (resp. f) be the residue field of W (resp. F). So f = F,, where ¢ is a
power of p, and w = F.a. Let fy be the prime subfield of f (so fy = F,). We
will denote the trace map of the extension w/f (resp. w/fy) by tr (resp. trp).

Since F' has characteristic p, we can canonically identify f (resp. w) with a
subfield of F' (resp. W). We will also identify the Galois groups Gal(W/F') and
Gal(w/f) via the restriction map (which is an isomorphism). So we can write
F =1((r)), W = w((1)), Or = f[[7]] and Ow = w][[7]]. Similarly, D can be
identified (as a set) with Laurent series w(()). Using (4.1), it is easy to see
that multiplication in D is given by the formula

ar’ . pr? = ac'(B)n', for a, € w and i,j € 7Z.

Let Nyea (resp. Tred) denote the reduced norm (resp. reduced trace) map
from D to F. Recall that if a € D, then Nyeq(a) (resp. Trea(a)) is equal to the
determinant (resp. trace) of the endomorphism of the left W-vector space D
given by © — xa. The restriction of Nyeq (resp. Treq) to W coincides with the
norm (resp. trace) map of the extension W/F.

Let GL}(D) = {g € D* | g = 1modmp} and let SLi(D) be the group of
elements of reduced norm one in D. The group SL}(D) = GLi(D) N SLy(D),
which is an open pro-p subgroup of SL;(D), will be our main object of study.
For the rest of the paper we denote SL1(D) by G and GL}(D) by U. Let
{U;} (resp. {G;}) be the congruence filtration of U (resp. G), that is, set U; =
{geU|g=1modmi} and G; = GNU;. It is known that

(4.2) a) GY CGpiforalli>1, b)G;=~G foralli>1unlessd=p=2.
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Let Lie(U) be the Lie algebra of U with the respect to the congruence fil-
tration. It is easy to see that Lie(U) can be identified with the subalgebra
w[r] C Op via the map LT(1 + an’) — an’. Therefore, the Lie bracket on
Lie(U) is given by the formula

!, um?] = (Ao (1) — po? (N)m*+7.

The subalgebra Liey (G) = @, (G N Uy,)Up41/Up41 consists of elements of
reduced trace zero in w{r]. More explicitly, Liey (G) = @, -, M, where M, =
wr™ if dfn, and M, = {\x" | tr(\) =0} if d | n.

Our next goal is to describe the Lie algebras of G with respect to various
basic filtrations. These Lie algebras are similar to Liey(G), and they can be
nicely embedded into certain associative algebras, which are defined below.

Fix integers N and e such that 1 <e < N. Let A = A(N, ¢) be the F,-vector
space @fvzo wa! (where z is a formal variable) with the associative multiplica-
tion defined as follows. Given i € N, let £(7) be the remainder of ¢ modulo e.
For any o, 0 € w and i,j € N we set

(4.3) art - Bt = {aai(ﬁ)az”j if e(i) + e(j)<eandi+j <N,
0 otherwise.
The associative algebra A has two natural gradings:
e thin grading A = @;°, A;, where A; = wa' for ¢ < N and A; = 0 for
i > N,
e thick grading A = @;°, A¥, where AY = @jg;l)_l Aj;.
Given a € A, we write deg(a) = i (resp. deg,(a) =) if a € A; (resp. a € AY).
Below we list some of the key properties of A. Their proofs are straightforward
and left to the reader. Recall that tr (resp. trg) denotes the trace map of w/f
(resp. w/fy).
(P1) The map~: Op — A, defined by

o] e—1
g= E ;T g i= E a;x’,
i=0 =0

is a homomorphism of associative algebras. Therefore, we can define an
action of U on A by setting a9 =g 'ag for a € A and g € U.

(P2) Let I = {i € N| i < N andd | i}. For every ¢ € I define the function
T;: A — T, as follows: if a = Z;V:O ajx?, set T;(a) = tro(o;). Each T; is
a trace form, that is, T;(a + b) = T;(a) + T;(b) and T;(ab) = T;(ba) for
a,be A.
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(P3) Consider A as a Lie algebra (with the usual bracket [a, b] = ab — ba). The
subset sl(A) := {vazo a;xt | tr(a;) = 0 for all 4 divisible by d} is a Lie
subalgebra of A, which is invariant under the action of U.

Now consider the filtrations {w;U}2; of U and {w;G}2, of G defined by
setting wiU = Unin(ei,n+1) a0d wiG = Gin(ei, N+1)- Let L*(G) (resp. L*(U) )
be the associated Lie algebra of G (resp. U). Clearly, w;G = w;U N G for all 4,
and therefore, L¥(G) can be canonically identified with a subalgebra of L¥(U).
Note that if p # 2 or d # 2, then {w;G} is the basic filtration of type (N, e) by
(4.2)b).

PROPOSITION 4.1: Let A" = @;_, AY and sl(A)* =sl(A)NAT. Let ¢ : AT —
L®(U) be the unique linear map such that 1(az') = LT, (1 +ar?’) for all « € w
and 1 > e. Then v is an isomorphism of Lie algebras, which preserves the action
of U. Moreover, (AY) = w;U/w;1U for all i > 1, and 1 (sl(A)") = L*(G).

Proof: First we prove that ¢ is a homomorphism. Take any «,( € w and
i,j €N, with e <4,7 < N. Let u = ¢(az’) = LT, (1 + ar?) and v = (B27) =
LT, (1 4 Bn?). Note that uw € LY(U) and v € L¥(U) where k = [i/e] and
I = [j/e]. By definition, [u,v] = [¢(ax?),v(B27)] = (1 + ar®, 1 + Br9)wr i1 U.
It is easy to see that

(44) (A 4ar', 14 817) =14+ (ac’(B) — Bo? (a))7 mod Unin(i+2j,j+23) -

Since i = ke +¢(i) and j = le 4+¢€(j), it is clear that Uwpin(i+2,j+2i) € Wkt141U.

Now [u,v] # 0 if and only if (1+an®, 1+ 77) € wir141U. By (4.4), the latter
happens if and only if (i) +&(j) < e, i +j < N and ac®(83) — Bo’(a) # 0.
By (4.3), the last three conditions hold precisely when [az®,B27] # 0.
Thus [u,v] = 0 if and only if [ax?, Bz7] = 0. If [u,v] # 0, then [u,v] =
LT, (1 + (ao®(B) — Bo?(a))ni™7) by (4.4). In either case, we conclude that
[u,v] = ¥([ax?, Bz7]). So, ¥: AT — L¥(U) is a homomorphism of Lie algebras.
Clearly v is bijective, since every element of w;U is uniquely expressible in the
form [],~.(1 + a;7") for some o; € w. The facts that ¢ preserves the U-action
and ’L/}(AE)) = w;U/w;+1U for i > 1 follow directly from definitions.

Now let us prove that ¢ maps sl(A)" to L¥(G). Fix i € N and a € w such
that ax’ € sl(A)T. It will be enough to show that there exists g = g(i, ) of
reduced norm 1 such that ¢ = 1 4+ an® mod Us;.

First assume that d 4. Let h = 1 + an’. A direct computation shows that
Niea(h) = 1modU,,, where m is the least common multiple of ¢ and d; in
particular, m > 2i. Since W/F' is unramified, we have Ny, p(W NU;) = FNU;
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for all i > 1, where Ny, is the norm map of W/F. Therefore, there exists
k € W N U, such that Nyeq(k) = Nyeq(h), whence g = hk~! has the desired
properties.

Now consider the case d | i. This time the assumption az® € sl(A)" yields
tr(a) = 0. So, a = o(\) — X for some A € w. Let h =1+ Ar* = 1+ A\7¥/¢ and
let g = o(h)h™! = (1 +o(A\)7")(1 + Ar®)~L. Since h € W, we have Nyeqa(g) =
Ny, p(o(h)h™!) = 1. On the other hand, g = 14 (o(A) — A)n’ mod Uy;.

It remains to show 1 (sl(A)T) is the entire L¥(G). If this was not the case,
there would exist g € G such that g = 1+an® mod U, 41, where d | i and tr(a) #
0. This is impossible since Nyeq(Uit1) € Uit1, Nyea(1 +an?) = Ny, p(1+ an?)
(as d | i) and Ny, p(1 + ar’) = 1 + tr(a)r* mod Ui41. |

5. Lie algebra cohomology

Our ultimate goal (which will be accomplished at the end of Section 6) is to
prove the following theorem using the method described in Section 3:

THEOREM 5.1: The depth of any elementary cover of G = SLi(D) does not
exceed 100p3d.

Throughout this section some restrictions on p and d will be made. The case
p = d = 2 is excluded from our considerations here and will be dealt with in
Section 8. When p = d = 3, or p = 2 and d = 4, the general scheme of the
proof remains the same as in the “regular” case, but a couple of key results
require different arguments. The proofs of those results in these exceptional
cases are given in Section 7. Throughout the proof we shall use several facts
about extensions of finite fields. These facts are collected in Section 9.

Fix an elementary cover (G‘, ¢) of G. Let N = dep(é, #), and fix* a positive
integer e < N. Let w = {w;} be the basic filtration of type (N,e), and let
¢ = [N/e]. Throughout this section we write L = L¥(G), L = L(G), and for
i <cweset LY = L¥(G) = w;G/wiy1G and LY = L¥(G) = w;G/wi1G. Given
an w-graded splitting f: L — i/, let Z; (resp. 37) be the corresponding F,-valued
2-cocycle of L (resp. Hom(L, F, )-valued 1-cocycle of G), as defined in Section 3.
The goal of this section is to find an explicit formula for the restriction of Z; to
some large subset of L x L (under the assumption N > 100p®d), and then use
compatibility equation (3.2) to find a formula for 7. In the next section we will
show that the obtained formula leads to a contradiction using Lemma 3.6 and
Lemma 3.7.

4 We will impose certain restrictions on the choice of e later in this section.
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5.1 COCYCLE DESCRIPTIONS. Let A = A(N,e) be defined as in the previous
section, and identify L with s(*(A) as in Proposition 4.1. For e < i < N let
L; = wz' N L, that is,

I wir! if d i
o {ax® | tr(a) =0} ifd |
We also set L; =0 for 4 > N and i < e. Note that
(5.1) L; ={LT,(g9) | g € viG\vi+1G} U{0} fore <i<N.

Given a non-negative integer n < N, let d,,(n) := [n/e]. If n > N, set d,,(n) =
00. Then for 1 <7 < ¢ we have

Ly= @ L
du (j)=i

As in the previous section, let €(n) be the remainder of n modulo e. Thus,
g(n) = n —dy(n)e for 0 < n < N. It is natural to introduce the following
definition.

Definition: A pair of non-negative integers (i, 7) is regular if i + j < N and
the following equivalent conditions hold:

a) dy(i+j) = do(i) +du(d); b) ei+J) =e(i) +e(j); d)e(i+j) = e(@);
c) e(i) +e(j) < e) e(i+7j) = €(j)-

In view of (4.3), the formula for the Lie bracket in L can be written as follows:
oz, Ba'] = { (ao(B) — Ba? (a))ztt9  if (i, ) is regular,
0 otherwise.

CLAIM 5.2: If the pair (i, j) is regular and j is prime to d, then [L;, L;] = L, ;.
If (i, j) is not regular, then [L;, L;] = 0.
Proof:  The first assertion follows from Lemma 9.4 if d t (i + j) and from
Lemma 9.1 if d | (z + 7). The second assertion is obvious. [ |

Now recall that a bilinear map C: L x L — F, is a 2-cocycle, if it satisfies
the following two conditions:
(5.2) C(u,u) =0 foralluelL,
(5.3) C([u,v],w) = C(u, [v,w]) = C(v, [u,w]) for all u,v,w € L.

A cocycle B: L x L — F, is a coboundary, if there exists a linear function
h: L — F, such that B(z,y) = h([z,y]) for all z,y € L.
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Definition: A bilinear map satisfying (5.3), but not necessarily (5.2), will be
called a semi-cocycle.® We will refer to (5.3) as the semi-cocycle identity.

Next we introduce more auxiliary definitions.

Definition: Let C: L x L — F, be a bilinear map.

a) Let I be a subset of N. We will say that C' is supported on I, if C
vanishes on L; x L; whenever ¢ + j ¢ I. If C is supported on {n} for some n,
we will say that C is homogeneous of weight n (or simply of weight n).

b) C is regular, if C' vanishes on L; x L; whenever (4, j) is NOT regular.

c¢) C is admissible, if there exists a function ¢: G x L — [, linear in the
second argument such that C' and ¢ are compatible in the sense of (3.2).

Remark: Every coboundary is a regular map, since [L;, L;] = 0 whenever (3, j)
is not regular.

Definition: Let C: L x L — F, be a bilinear map. For every positive integer
n < N let C),: L x L — F, be the unique bilinear map such that

i i Clazxt, pz?) ifi+j=n
Cln(axaﬂl']):{o( ) ifi—}—j;én_

We will call C),, the weight n component of C.

Note that C' = ZTZL%C‘” and C), is of weight n for every n. Moreover, C' is
a semi-cocycle (resp. cocycle, regular cocycle) if and only if each C), is a semi-
cocycle (resp. cocycle, regular cocycle). On the other hand, if C is admissible,

C),, need not be admissible.

CLAIM 5.3: Let f be an w-splitting. Then Z; is an admissible regular cocycle
supported on the set [ce, N] :={i| ce <i < N}.

Proof:  Admissibility of Z; is an immediate consequence of Proposition 3.4.
Next we claim that Zf|n = 0 for n < ce. Indeed, let u € L;, v € L;, where
i+j < ce. Then Zs(u,v) = f([u,v])—[f(u), f(v)] € Ly, where k = d,,(i+]) < c.
On the other hand, Z;(u,v) € Ker¢,. Since Ker¢, C ﬁf, we conclude that
Zg(u,v) = 0.

It remains to prove that Z;(L;, L;) = 0 whenever (¢,5) is not regular (this
will also imply that Zf\n =0forn> N). If i > N (resp. j > N), then L; =0

5 The reason for using such terminology will be clear shortly.
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(resp. L; = 0), and there is nothing to prove. So, fix a pair (4, j) which is NOT
regular, with 7,7 < N, and set k = d, (i) and | = d,(j).

Let u € L;, v € L;. Choose §,h € G such that f(u) = jwr1G and f(v) =
hwi G, and let g = ¢(§), h = ¢(h). Then u = ¢, (jwp1G) = gwrs1G and
v = hwi1H. So, LT, (g) € L; and LT, (h) € L;, whence g € ;G and h € v,;G
by (5.1). Since Ker ¢ C yxG (and i,5 < N), we have § € 1:G and h € v;G.

We are trying to prove that

f(lw,v]) = [f(u), f(v)].
Since [u,v] = ¢« ([f(u), f(v)]), it will be enough to show that [f(u), f(v)] = 0.
By definition,
[f(u)a f(U)] = [gwk+1é7 hwl+1é] = (Q, il)édk+l+1é.

Now (g,fz) € %’ﬂ'é C de(i-i-j)é" Since (i,7) is not regular, d,(i + j7) >
dy,(4) + dw(j) + 1 =k + 1+ 1. Therefore, [f(u), f(v)] = 0. |

So, we should try to describe regular homogeneous cocycles of weights in
[ce, N]. The following proposition gives a method of constructing Lie algebra

semi-cocycles.

PROPOSITION 5.4: Let 0 be a derivation of A, that is, 9(ab) = ad(b) +0(a)b for
all a,b € A. Let n < N be divisible by d. Then the function

C=Cyn: LxL—TF,
defined by C(a,b) = T, (9(a)b) is a homogeneous semi-cocycle of weight n.

Proof: The assertion follows directly from the facts that T, is linear and
T, (ab) = T, (ba) for all a,b € A. |

The following notation is taken from [PR]: given A € w and i € Z>(, we set
A(@) == A4+ 0(A)+---+ 0" ()). Now define two families {0 }rew and {e,} et
of derivations of A by setting

ox(ax’) = Mi)az" and e,(ax’) = aud,(i)z'.
For convenience we give special names to the corresponding semi-cocycles:

Dyn = Coyn and &, 5 = C¢,, 5. It is clear that

i g tro(A(i)act(B)) ifi+j =n and (i,j) is regular
Din J) — 0 )
an(aa’, Ba’) {0 otherwise,

€, n(aat, fa’) = {tro(udw(i)aoi(ﬁ)) if i +j =mn and (i, ) is regular
. 7 0 otherwise.
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The next result tells us which of the above semi-cocycles are cocycles.

PROPOSITION 5.5: Fix an integer n divisible by d, with 2e < n < N. Assume,
in addition, that €(n) > 2. The following hold:

a) If pd | n, then D) ,, is a cocycle for every A € w. Moreover, if tr(\) = tr(u),
then Dy, — D, is a coboundary.

b) If pd t n, then Dy, is a cocycle if and only if tr()\) = 0. Every such cocycle
is a coboundary.

c) Eu.n is a cocycle if and only if d.,(n) is divisible by p or p = 0.

Proof: a) First assume that p # 2. Fix A € w, and let C = D, ,. To prove
that C'is a cocycle, it suffices to show that C'(u,v)+ C(v,u) =0 for all u,v € L
such that u = az®, v = Bz" %, where «, 8 € w and the pair (i,n — i) is regular.
We have
(5.4) | |
C(u,v) + C(v,u) = tro(A(@)ac® (8)) + tro(A(n — 1) B " (a))
— tro(A(i)ac' () + bro(o*(A(n — i) (B)o™ ()

since trg is o-invariant
= tro((A\(i) + o' (A\(n — 0)))ad’(9))

since 0" (o) = « (as d | n).

Now (i) + o*(A(n —i)) = A(n) = n/d tr(\) = 0 since n/d is divisible by p.
Thus we proved the first assertion.

Now assume that tr(\) = 0. Then A = v — o(v) for some v, and therefore
(i) = v — o(v). We have

C(u,v) = Claa’, Ba"™") = tro((v — o' (v))ac" (8)) = tro(v(ac’ (B) — ™" ()B)).

On the other hand, [u,v] = (ac®(8) — " (a)B)z™. Thus C(u,v) = h([u,v]),
where h(a) is equal to fo-trace of the coefficient of ™ in va. Therefore, C is a
coboundary.

Finally, if A\, € w are arbitrary and tr(\) = tr(y), then Dy, — Dy, =
Dx—p,n is a coboundary by the above argument.

Now consider the case p = 2 (in which case the identity C(u,v)+ C(v,u) =0
does not imply that C(u,u) = 0). Since C is bilinear and has weight n, it
suffices to show that C(u,u) = 0 for u € L, /5. Recall that n = 2dm for some

dm

m. If uw € L, /o, then u = az®™, where tr(a) = 0. Therefore,

C(u,u) = tro(A(dm)ac™ (a)) = tro(mtr(\)a?) = tre g, (tr(mtr(N)a?))
= tre g, (mtr(A\)tr(a®)) =0 since tr(a®) = (tra)’.
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b) The assertion follows immediately from the calculations in the proof of part
a). Here is where we use the assumption e(n) > 2 — it ensures that there exists
a regular pair (¢,n —4) with d {4 and dt (n — i), whence one can use arbitrary
a and § in (5.4). The case p = 2 does not require special consideration.

c) Let C =&,,. Let u = az’, v = Bz" ¢, where (i,n — i) is regular. Since
u € f, we have

C(u,v) + C(v,u) = tro(pd, (i)ac (8)) + tro(pd, (n — i)Be" " ()
= tro(u(du (i) + du(n — i))ac’ (B)) = tro(udu(n)ac’ ().

The above expression vanishes for all «, 8 and 4 if and only if p | d,(n) or p =0,
so we are done if p # 2. If p = 2, we can use the same argument as in the proof
of part a). |

From now on we assume that N > 100p3d and e satisfies the conclusion of
the following claim (whose verification is left to the reader).

CLAIM 5.6: If N > 100p3d, we can choose e so that the following conditions
hold: a) pd | e, b) [N/e] = 4p (that is, c = 4p) and c) ¢(N) > p + 100.

Let Igooa = [2e,(c —1)e — 1] = {i € N | 2 < du(i) < ¢— 2}, and let
Lyooqd = ®i61good L; = ;;22 Lg. The main part of this section will be devoted
to the proof of the following result.

THEOREM 5.7: Fix n such that ce+2 <n < N, and let C' be a regular cocycle
of weight n. If the pair (p,d) is equal to (2,4) or (3, 3), assume in addition that
n > N —p and C is the weight n component of some regular admissible cocycle
Z.

a) If d t n, there exists a coboundary B of weight n which coincides with C
on Lgood X Lgood-

b) If d | n, there exist u € w and v € f such that C and D,, ,, + &, coincide
on Lgood X Lgood-

5.2 PROOF OF THEOREM 5.7a). We will use the following shortcut notations:
Ci(a, B) = Cax®, Bz" %) fore<i<n—e

and
MNi] =c'(\) =\ for A € w,i € Z.

Fix no € w such that tr(ny) = 0 and 7y generates w as a field over f (such

n—e

Mo exists by Lemma 9.1). We claim that the map ax™ ¢ — [az™ ¢, noz¢] from
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L, to L, is injective. Indeed,

[z ¢ o] = (0™ (n0) = 0 ()0 ) 2" = (0" (o) — mo)a"
=a-nnjz" (asd]e)
and ng[n] # 0 since d t n. Therefore, there exists a coboundary B of weight n
such that C(az™ ¢, nox?®) = B(ax™ ¢, nox) for all & € w. Clearly, it is enough
to prove the theorem for C' — B instead of C' (note that C' — B is also regular
since every coboundary is regular). Thus, after replacing C by C' — B, we can
assume that

(5.5) Caz™ % noa®) =0 for all o € w.
We are going to deduce from (5.5) that C' vanishes on Lgooq X Lgood-
CLAIM 5.8: Suppose that d | i and 1 < d,(¢) < ¢ — 2. Then C; is identically

Zero.

Proof: First of all, we can assume that (i,n — ¢) is regular (otherwise C; = 0
because C' is regular). Since d,, (i) < ¢—2, we have d,(n—i) = d,,(n)—d, (¢) > 2,
whence n — i — e > e. Thus given a, 8 € w, with tr(a) = 0, we have

Ci(a, B) = C(axt, Bz" %) = C’(aaci, [ﬁx"‘i_e,mxe})
= C( [azi, ﬁx”ie} , 770:136) + C(ﬁz"ie, [z, 770336])

=0.

The first summand in the last expression is equal to zero by (5.5), and the
second summand is zero because [ax?, nox€] = 0 (as d | 7). |

Note that if i € Ijp0q, then 1 < d,,(n—1) < ¢—2. Since C is skew-symmetric,
it follows from Claim 5.8 that C; = 0 whenever ¢ € I o0q and either d | (n — 7)
or d | 7. It remains to prove that C; = 0 for every ¢ € Ijp0q such that d 1 i,

dt(n—1).
LEMMA 5.9: The following hold:
a) Let i € Ijo0q, and let o, B8, € w, with tr(n) = 0. Then

(5.6) Ci(a-nli], B) = =Cia, B - nln —1]).

b) Let i,i" € N be such that i’ =4 i. Assume in addition thate < i < i’ < n—e,
dti,dt(n—1i)ande(i) <e(i’) <e(n). Then C; = Cy.

First we will prove an auxiliary statement:
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CLAIM 5.10: Let i and i’ satisfy the hypotheses of Lemma 5.9b), and assume
that d,, (i —4) > 0. Then for any «, 3,n € w, with tr(n) = 0, we have

(57) Ci’(a 77[1];5) = Ci(aa —ﬁn[”_’])
Proof: Applying the semi-cocycle identity we have
(5.8)

Claa’,na’ ), Ba"~") = Claa, [’ ", B2"~"]) = Cya” 7, [aa’, B2"~)).

Since (i) < e(i’) < e(n), the pairs (i,n—1), (i',n—14') and (i, — i) are regular.
and [nacil_i, ﬂx”_il] =
—pB-nin—iJa""*. The second summand on the right-hand side of (5.8) vanishes
by Claim 5.8, and (5.7) follows. |

Since d | (i’ — i), we have oz’ 2~ = « - glila”

Proof of Lemma 5.9:  a) We can assume that (i,n — ) is regular (otherwise
the result is trivial). Applying (5.7) three times, we get

Ci(a ’ 77[1]75) == i+e(aaﬂ ’ 77[” - Z]) = Oife(a ’ 77[1]75) - 701'(0‘; g 77[” - Z])
b) If d,,(i" —4) > 0 and either i € Ijpq or i’ € Igood, the result follows
immediately from (5.6) and (5.7) (since d t i and d t (n — @), there exists 1, with

tr(n) = 0, such that n[i] # 0 and n[n — ] # 0).

In the general case, choose a # 0 such that ¢ — ae € Ijo0q. If a > 0, we have
C; = Ci_qe = Cy by the above argument. If a < 0, we have C; = Cy_ge = Cr.
[ |

Conclusion of the proof of Theorem 5.7a): From now on we fix ¢ € I0q such
that d {4, d{ (n — i) and (i,n — 7) is regular. Let D = C;. We want to prove
that D = 0. The cases p = 2 and p > 2 will be treated in slightly different ways.
Both arguments are based on the same idea, but the one in the case p = 2
requires more computations. The exceptional cases (p,d) = (3,3) or (2,4) will
be considered in Section 7.

CASE 1: p > 2. Let n1,m72 € w be such that tr(n) = tr(n:) = 0 and 72
generates w/f (so that nz[j] # 0 if d 1 7). By (5.6) we have

6o o 28) =P 0 min i) = Do 2EZ)

By Lemma 9.2, we can choose 71,72 as above and 7 € w such that n—1ny € f

and n? —m, € f. For every j not divisible by d we have n1[j] = n%[j], n2[j] = nlj],
and so m1 [§]/n2[j] = 07 (n) + n. Equation (5.9) can now be written as

D(a(e" (n) +n), 8) = D(a, B(@" " (n) + 1))
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Lemma 5.9a) yields

D(a(o’(n) =), 8) = =D(a, B(e" " (1)) — ).

Taking half-sum and half-difference of the last two equations, we get

(5.10) D(aa'(n), 3) = D(a, B1),
(5.11) D(an, B) = D(a, 0"~ (n)).

It is easy to see that if ), 71, 12 are replaced by o*(n), o*(m), o*(12), respectively,
the whole argument can be repeated. Replacing n by o%(n) in (5.11), we have

(5.12) D(ac" (n), ) = D(a, Bo™ (1))
Subtracting (5.10) from (5.12), we get
D(a, B - n[n]) = 0.

Now n[n] # 0 since d { n, and it follows that D is identically zero. The proof in
the case p > 2 is complete.

CASE 2: p=2. Let
R={(\p)ewxw]|D(a\3) =D(a,Bpu) for all o, 3 € w}.

Clearly, R is a subring of w x w. Moreover, if (\,u) € R, (N, ') € R, with
A, i # 0, then (N /A 1/ /1) € R. Lemma 5.9a) implies that (n[i], n[n —i]) € R if
tr(n) = 0. It follows that (A, A) € R for all A € £.

Now fix 1,71,m72 € w such that n —m € £, —m € £, tr(m) = tr(n2) =0
and 7 generates w/f (existence of such elements is proved in Lemma 9.2). Since
7l = mlil, 73] = mlj] for all §, Lemma 5.9a) yields (nfil,nln — 7)) €
R and (n~'i],n"t[n —i]) € R, whence (n?[li][i], n?[l"[;i]i]) € R. But n?[lj[]j] -

ST — i () if df j. Therefore, (o (n),no™ (1)) € R, that s,

(5.13) D(ano' (1), 8) = D(a,no" " ()B) for all a, B € w.

Now let E(a, 8) = D(an, 3) — D(a,n3). We shall first prove that F is iden-
tically zero and then deduce that D = 0 unless i =4 (n — i). Rewrite (5.6) as
follows:

D(aq"(n), 3) = D(an, B) = D(ex, Bo" " (1)) — D(ev, Bn).
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Therefore,
E(a,8) = D(an, ) — D(a, 8n) = D(ac’(n), 8) — D(a, B (1))
= D(ac’(n), ) — D(ana*(n), 8/n) = E(as’(n), B/n),

where we used (5.13) at the next to last step. So, for all «, 3 € w we have

(5.14) E(a,13) = E(ac" (1), B).
Similarly, one can show that
(5.15) E(an, ) = E(a, 0"~ (1)B).

Now let & = {¢ € w | E(a, 8¢) = E(ac®(£),3) for all a, 3 € w}. Clearly, & is
an f-subalgebra of w. Formula (5.14) implies that n € &, and since 7) generates
w/f, we have & = w.

It follows that E(a,3) depends only on ac(8). Since the map (u,v) —
tro(ur) is a non-degenerate [Fp-valued bilinear form on w x w, we conclude
that E(a, 3) = tro(Aac?(3)) for some A € w. Similarly, (5.15) implies that

E(a, ) = tro(Nac'™"(8)) for some \ € w.

Setting # = 1 in the above formulas, we have tro()\a) =tro(Na)foralla € w,
whence A = . Therefore, tro(Aa(o?(3) — "~ "(3))) = 0 for all o, 3 € w. Since
d t n, there exists 3 € w such that ai(ﬁ) — o="(B) # 0. Therefore, A = 0 and
FE is identically zero.

Thus, we proved that

(5.16) D(am, 8) = D(a,nB) for all o, 3 € w.
Combining this with (5.13), we get
(5.17) D(ac'(n),B) = D(a, 0™ (n)B) for all o, B € w.

Arguing as in the case p > 2, we conclude from (5.16) and (5.17) that D = 0
unless i =4 (n — 7).

Suppose now that ¢ =4 (n —¢). Using Lemma 5.9b), we can assume that
g(i) > d. Let j = 1 or d —1 be such that d  2(j — i) (such j exists unless
d =2or d=4). The commutator map L;_.—; X Ley; — L; is surjective by
Claim 5.2, since j =4 +1 and (i — e — j,e + j) is regular. According to the
semi-cocycle identity (5.3), C vanishes on L; x L,,_; as long as C' vanishes on
Li—e—j X Lp_jteqrj and on Leyj X Ly_c_j;. The latter holds, as we just proved,
unless (i — j) =4 (n — i+ j) or j =4 (n — j). Either of the last two conditions
would contradict our assumptions. The proof is complete. |
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5.3 PROOF OF THEOREM 5.7b).

Remark: Apart from the cases p = d = 3 and p = 2, d = 4, we will never
use skew-symmetry of C, so the assertion of Theorem 5.7b) holds if C' is only
assumed to be a semi-cocycle.

LEMMA 5.11: Let I,y ={i € N|e<i<n-—e,(i,n—1i) is regular and d{ i}.
a) Let i,j € I,e4, and assume that i < j, €(i) < e(j), pd | (j —4) and
p | dw(j —¢). Then C; = Cj.
b)® For every i € I .4, with i =4 1, there exists \; € w such that
Ci(a, B) = tro(MNao(B)) forall o, € w.

Proof: a) Let k and [ be such that
(6.18) d |1, k=41, e<k,,n—k—1I, e(k)+e(l) =e(k+1) and e(k+1) < &(n)

(the last two conditions imply that the pairs (k,1), (k,n—k—1) and (I,n—k—1)
are regular). Applying the semi-cocycle identity to the triple az®, na! and
Bz k= (where tr(n) = 0) and simplifying, we have

(5.19) Cr(anlil, B) = Cr (e, (=n[=i])B)) + Ci(n, {ac" (B)}[~i]).

Let ¢ = —n[—i]. Then n[i] = 0°(£), and the last equation can be rewritten as
follows:

(5.20) Cryi(ac' (), 8) = Cila, BE) + Ci(n, {ad" (B)}[-i]).

Now suppose that i < n — 3e. Applications of (5.20) yield

Cirae(a(0'(€))?, 8/€) = Ci(aa' (€), ) + Cae(n, {ac (B)}[~i]) and
Cit2e(a(0'(€))?, B/€) = Cisrelac’(€), B) + Ce(n, {ac (B)}[~1))
= Ci(a, B€) + 2Ce(n, {ac" (8)}[~)).

Combining these formulas, we conclude that
Ci(ac®(€), B3) = Ci(a, BE) + R(ac’(B)) for some function R: w — F,.
Replacing o by ao®(€), we get

Ci(a(o' (€))%, B) = Ci(aa'(€), B¢) + R(ac' (5¢)) = Ci(a, BE?) + 2R(ac" (5¢)).

6 In the cases p=d =3 and p = 2,d = 4, the assertion of Lemma 5.11b) will be
proved in Section?.
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By induction we have C;(ac®(€™), 8) = Ci(a, BE™) + mR(aot(BE™ 1)) for any
m > 1. Setting m = ¢% = card(w) and noting that £™ = ¢, we get

(5.21) Ci(ad'(€), B) = Cyi(a, BE).

Cask 1: d, (i) < d,(j). Our assumptions imply that i < j—pe < n—(p+1)e <
n — 3e, whence (5.21) holds. Now let k =4 and | = (j —¢)/p. It is easy to check
that conditions (5.18) are satisfied. Applying (5.20) and combining the result
with (5.21), we get

(5.22) Cisi(ad'(§), ) = Ci(ac(€), B) + Ci(n, {ao' (B)}~i]).

Arguing as before, we have

Cispi(ad(€), ) = Ci(aa' (€), B) + pCi(n, {ad (B)}[~i]) = Ci(aa'(€), B).

Now recall that £ = n—o~%(n). Since d{ i, we can choose 7 so that £ # 0. Thus
we showed that Cjyp = Ci.

CASE 2: dy (i) =dy(j). Ifdy(i) > p+2, it follows from case 1 that C; = Cj_p.
and Ci_pe = C;. If d,(3) < p+ 2, we have C; = Cjtpe = C}.

b) Let A = {\ € w | C;(ac(N), 5) = Ci(a, BA) for all o, 5 € w}. Clearly, A
is a subring of w. Since i =4 1, (5.21) implies that A contains all elements of
the form o(n) —n, with tr(n) = 0. Since (p,d) # (3,3) or (2,4), we have A = w
by Lemma 9.3.7 Therefore, C;(c, 3) depends only on ao(f3), which implies the
assertion of part b). |

Note that if i =,4 1, then A(i) = A, whence D) ,(ax’, B2"%) = tro(Aao(fB))
(provided i € I,¢4). Thus Lemma 5.11b) asserts that C' coincides with Dy, ,, on
L; x Ly_; whenever i € I,.o4 and i =pq 1.

Now let {Ar} be as in the conclusion of Lemma 5.11b). For the rest of the
proof, set p; = Ajeq1 (for i = 1,2,...,¢—1). Note that p; = p; if i =, j by
Lemma 5.11b).

PROPOSITION 5.12: Leti € N be such that e < i < n—e, (i,n—1) is regular and
0 <e(i) <p. Let a € {1,2,...,p} be such that d,, (i) = ta. Then Ci(«a,3) =
tro(pq(i)ac®(B)). In other words, C coincides with Dy, ,, on L; X Ly_;.

First we state a simple technical lemma which follows directly from Claim 5.2.

7 This is the only place in the proof where we use that (p,d) # (3,3) or (2,4).
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LEMMA 5.13: Let Sy and Sa be two semi-cocycles of L. Let J ={i € N |e <
i < n —e and Sy coincides with Sy on L; X L,_;}. Suppose that j, k € J and
k=41.

a) If (k,j) is regular and d,(k+j) < c—1, then j+ k € J.

b) If j — k > e and (n — j, k) is regular, then j — k € J.

Proof of Proposition 5.12: Let J ={j € N|1<d,(j) < c—1 and C coincides
with Dy, » on L; x L,_;}. We will show that ¢ € J by induction on £(z).
The case €(i) = 1 is clear. Indeed, if i = ue + 1, then a =, u, whence

Cue-i—l(a; ﬁ) = Cae-i-l(aa ﬂ) = tro(uaaa(ﬁ)) = tro(ua(z)aal(ﬁ))

Now suppose that 1 < (i) < p. If dy,(i) > p, let j = i —ae — 1. Then
e(j) <e(i) < pand dy,(j) = dw (i) — a =, ja, whence j € J by induction. Note
that ¢ — j = ae + 1 lies in J by definition of p,. So, ¢ € J by Lemma 5.13a).

If d,,(¢) < p and d 1 ¢, apply the above argument to i + pe and use the facts
that Citpe = C; (by Lemma 5.11a)) and pq (i) = pa (i + pe).

Finally, suppose that d, (i) < pand d | i. Let j =i+ (p —a)e — 1. We
have (j) < (i) < p and dy, (j) = dw (i) + p — a =, ja, so by induction j € J.
Applying Lemma 5.13a), we see that j +ae+ 1€ J and j 4+ 2ae+ 2 € J. Now
j+2ae+2=i+(a+ple+1<Bp+1le<n-—e. Since dt(i+ (a+ple+1),
Lemma 5.11a) implies that ¢ + ae + 1 € J, whence i € J by Lemma 5.13b).
|

Next we establish a relation between the numbers {4}
LEMMA 5.14: There exist € w and v € f such that u, = p+ av for all a.
Proof:  Assume first that p > 2. Fix ¢,5 € {1,2,...,p} and apply the semi-
cocycle identity to the triple az*t!, faiett ~an~(+9)e=2 where o, 5,7 € W.

If d > 2, o, 8 and « can be chosen arbitrarily; if d = 2, we must have tr(y) =0
since in this case d | (n — (i + j)e — 2). We have

Clitjet2(ao(B) = Bo(a), )
= Cies1(@, Bo(7) =70 72(8)) = Cjes1(8,a0(7) —v0~*()).

By Proposition 5.12, the right-hand side is equal to

tro(nic(o(8)a” (v) — a(y)o 1 (B)) — w;Blo(@)a” (v) — a(v)o (@)
= tro((pi + o(py))ac(B)o* () — (o () + pj)Bo ()’ (7))
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while the left-hand side equals

tro(piss (2) (a0 (B) — Bo(a))o? (7))

(by [iiti We mean fiq where a € {1,...,p} is such that 2a =, (i + 7)).
Therefore,

(5.23) tro(uac(8)0 () = vBo(a)o* (7)) = 0,

where u = pi1; (2) — pi — o(p;) and v = pi25(2) — pj — o(ps).-

Applying (5.23) with various values of o:ﬂ,'y € w, one can show that u =
v =0. If d > 2, the argument is straightforward (since «, 3, can be chosen
arbitrarily). If d = 2, we note that v = o(u) and o(y) = —v (as tr(y) = 0).
Therefore,

0 = tro(uac(B)o’(v) — vio(a)o®(v))
= tro(uac(B)o? (7) = o(vBo(a)o® (7)) = tro(2uac(B)y),

and we conclude that u = 0 (whence v = 0). So, we showed that

(5.24) piti(2) = pi+o(py) and  pii(2) = py + o ().

2

It follows immediately that p; — pu; = o(u; — pt5), whence p; — p; € f. Now let
= pp and v; = p; — pp, for 1 <4 < p. Since v; € f for all 4, (5.24) yields

(5.25) QV# =v; +v,.

To finish the proof it remains to show that vy = kvy for 1 < k < p. The
assertion is trivially true for k = 1 and k = p. If 1 < k < p, applying (5.25)
withi=k—1land j=k+1, we get vy —Vgp_1 = Vgy1 — V-

So, the difference § := v — vi_1 is the same for 1 < k < p, whence v =
v1 + (k—1)6 for 1 <k <p. On the other hand, we know that v, = 0, whence
0 = vy. This finishes the proof in the case p > 2.

Now assume that p = 2. Note that in this case we only have to prove that
w1 — pe € f. Formula (5.24) still holds if we assume that both ¢ and j have the
same parity. Taking i = 1 and j = 3, we get p2(2) = pu1 + o(u1). Therefore,
to — p1 = o2 — p1), whence pq — pg € £. |

Conclusion of the proof of Theorem 5.7b): Let p and v be as in the conclusion
of Lemma 5.14. Let J = {j € N | C coincides with D, ,, + £, on Lj x L,_;}.
Since both C' and D, , +- &, are homogeneous of weight n, it is enough to show
that J 2 Igo0d-
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Fix i € Ijp0q. We can assume that (i,n —4) is regular for otherwise both C
and D, ,, + &, vanish on L; X Ly,_;.

CasE 1: 0 <e(i) <p. Leta:=d,(i)/i € F,. According to Proposition 5.12
and Lemma 5.14, we have
Claa’, Ba" ") = tro({n + av}(i)ac’ (B)) = tro((u(i) + vai)ac' (3))
= tro((u(d) + v du(i))ac’ (B))
= Dynax’, Bz" ") + &, n(aa’, Bz 0.
CASE 2: €(i) =0. (ie.e|i) Weknowthate+1€ Jandi+e+ 1€ J since
ele+1)=e(i+e+1) =1, whence i € J by Lemma 5.13b).
CASE 3: €(i) > p. In this case we use induction on 0(z) = 3¢(i) —2d,,(4) (it is
clear that possible values of 6(i) are bounded from below).
Ifd,(i) >3,let k=e+1and j =4i— k. Then k € J since (k) =1 < p, and
j € J by induction since 6(j) = 6(i) — 1. Therefore, i € J by Lemma 5.13a).
If d,, () = 2 and (i) < e — 1, apply Lemma 5.13b) with j =i+ pe + 1 and
k = pe + 1. Finally, if (i) = e — 1, then (i,n — ) cannot be regular (as d | n).
|

5.4 FORMULAS FOR Zy AND 3. Theorem 5.7 can be applied to the weight n
component of Z; (where n > N — p) for any w-splitting f: L — L. 1f we choose
the splitting in the “right” way, a stronger statement can be made:

COROLLARY 5.15: Let Igreqr = {t € N| N—p < ¢ < N}. Fix A € w with
tr(\) # 0. Then there exists an w-splitting f such that for every i € Ijrcqr we

have
(5.26)
0 ifdti,
Zf|i Lovois Loson &y,.i for some v; € £ ifd|¢ but pdti,

Dy, ,i+E&y; i for some v; € f and \; € £A if pd | .
(recall that Zy; Is the weight i component of Zy).

Proof: Let fy be some w-splitting. As mentioned in Section 3, if B is a cobound-
ary, then Zy + B = Z; for another splitting f; moreover, f is an w-splitting if
and only if B(L{, LY) = 0 whenever i + j # c. The latter holds if and only if B
is supported on [ce, N] (we leave verification of this fact to the reader).

Since Igreqt C [ce, N, Theorem 5.7 immediately implies that there exists an
w-splitting fi such that for every ¢ € Igreqt,
0 ifdti

Zr . = . .
T1i Lyooax Lyooa {Dum’ + &, for some v; € f and p; ew  if d | 1.
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It remains to show that for every i € Iy cq with d | ¢ there exists \; € fA such
that B; := Dy, ; — Dy, i is a coboundary and A\; = 0 if pd t i. This will finish the
proof since then Z;, + 3 B; = Zj for some w-splitting f, and (5.26)
clearly holds.

First let ¢ € Igreqr with d | ¢ and pd { . We claim that tr(p;) = 0. Indeed,
&v,.i i1s a cocycle by Proposition 5.5¢), since p divides ¢ = d (7). Therefore,
Zy, T &y,.i is also a cocycle. On the other hand, D, ; is NOT a cocycle unless
tr(y;) = 0 by Proposition 5.5b). We know that Z, i
on Lgood X Lgood- Even though Zf1| —&,,,; and D, ; may not coincide on L x L,

%

i€l great,d|i

—&,,,i coincides with D, ;

the argument of Proposition 5.5b) still implies that tr(u;) = 0.

Now we are ready to finish the proof. Given i € Ijreqe with d | 4, let
A= SN Clearly, \; € £ and tr(\i) = tr(u). If pd { i, then A; = 0
since tr(y;) = 0. Finally, B; := Dy, ; — D, is a coboundary by Proposi-

tion 5.5a). ]

In order to derive a formula for the group 1-cocycle 35 we use the following

result.

PROPOSITION 5.16: Let n < N, with d | n, and let 0 be a derivation of A.
Recall that Cy ,,(a,b) = T,,(0(a)b) for every a,b € A. Define® ¢; ,,: G x L — T,
by setting ¢ n(g,b) = Ty (0(g)g 'b) (recall that the map g — g was defined in
Section 4). Then ¢, and Cy , are compatible in the sense of (3.2).

Proof: Let ¢ = ¢y, and C = Cy . Fix g € G and let k =g € A. Recall that
u9 = k~luk for every u € A. Therefore for any u,v € L we have
C(u,v) — C(u?,v9) =T, (0 (u)v) — T, (0(k™  uk)k ™ vk)
=T, (0(u)v) — Tp(@(k)uk + k~'0(u)k
+ ktuo(k))k~tok).
Since 0(k™1) = —k~to(k)k~!, T, (ab) = T, (ba) and T, (k~tak) = T,(a), we
have
C(u,v) — C(u?,v?) = Tp(0(u)v) — Tp(=0(k)k™ uv + d(u)v + ud(k)k ™ v)
=T, 0(k)k uv —3(k)k ™ vu)
=T, O(k)E ™ [u,v]) = (g, [u,v]). |

Let Lyrear = @ielwm L;, where Igreqr = {i e N| N —p <i < N} as before.
We are now ready to give a formula for the restriction of 3¢ to G X Lgrcqt-

8 This notation will be used for the rest of this section
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PROPOSITION 5.17: If Ijcq+ does not contain multiples of pd, then 3¢ vanishes
on G X Lgyeqr for some w-splitting f. Otherwise, let Ny be the unique multiple
of pd lying in I4ycqr. Then there exist an w-splitting f and \g € w such that 35
coincides with ¢, N, on G X Lgyeqt. Moreover, given A € w, with tr(\) # 0,
we can always choose f so that Ag € f.

Proof:  Let f, {\;} and {v;} be as in the conclusion of Corollary 5.15. Let
I = {i € Igrear | pd divides i}, I = {i € Igreqr | d divides i} and let C' =
Y ier, Daiii + 2 ier, Evivie Let S = {(4,7) € Lyood X Igood | i+ 3 > N —p} and
let 2 be the linear span of the set |J; ;s Li x Lj in L x L.

By Corollary 5.15, Z; coincides with C' on 2. We know that Z; is com-
patible with 3; (by Proposition 3.4). By Proposition 5.16, Dy, ; (resp. &,,) is
compatible with ¢y, (resp. ¢,,,i) whence C' is compatible with Zieh Coy,,i T
Zielg Ceuyiv

It is easy to see that € is invariant under the diagonal action of G on L x L
and the set {[u,v] | (u,v) € Q} spans Lgreqe. Therefore, by Claim 3.5 we have

3fF = Z Cakiyi + Z ce,,i,i on G X Lgreat-

i€ly i€l

The proof will be finished if we show that ¢, ; is identically zero for all ¢. It
suffices to show that ¢, (g) =0 for any g € G and v € f. The latter holds since
EEGBZ&WIi for any g € G and ¢, (wa') =0 for 0 <i <c— 1. |

CHANGE OF NOTATION. In the next section we will write ¢y, for ¢y, p.

6. Proof of finite presentability in the case (p,d) # (2,2)

We retain all notations from the previous section. Fix an w-splitting f for which
the assertion of Proposition 5.17 holds, and let Z = Z¢, 3 = 35. Throughout
the section A\g and Ny will be as in the conclusion of Proposition 5.17.

We are trying to reach a contradiction with Lemma 3.7, which asserts that 3
does not vanish on G x U, where U = yy_1G/yN+1G = Ly_1 ® Ly C Lyreat-
We already know that 3 vanishes on G X Lgyeqr (and hence on G x U), if Igreqr
does not contain multiples of pd.

Next we show that 3 vanishes on G x U, if N is not a multiple of pd. Indeed,
let w € U and g € G. By Proposition 5.17, 3(g, u) = ¢x,,n, (g, u) (where N —p <
No < N and Ny is a multiple of pd). So, 3(g,u) is equal to the fy-trace of

—\——1

the coefficient of 2o in 0,,(g)g 'u. Since 2,,(g) has zero constant term and
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uelU=Ln_1®Ly C JcN_lA, the above coefficient is equal to zero unless
Ny = N.

Finally, consider the case N = pdM for some M. In this case vanishing of
3 on G x U will be proved using Lemma 3.6. The underlying computations
have direct analogues in [PR]; however, due to many differences in terminology
and notations, it seems more appropriate to reproduce the arguments from the
above paper rather than give vague references to it. For the reader’s convenience,
throughout the section we shall indicate which part of [PR] we are following.

To prove that 3 vanishes on G x U we must show that \yg = 0. By Proposi-
tion 5.17, Ag is an f-multiple of some element with non-zero f-trace, so it suffices
to prove that tr()g) = 0.

CASE 1: p t d (see [PR, pp. 682-683]). It will be enough to show that
tro(Agf) = 0 for any 6 € f. Indeed, if this is the case, then for any 6 € f
we have tre /g, (tryw/£(A0)0) = tre g, (trw/e(Aof)) = tro(Aof) = 0. Since tre g, is
a non-degenerate bilinear form on f x f, we conclude that try,/¢(Ao) = 0.

Fix § € f. Since p { d, G is isomorphic to the quotient of U = GLi(D)
modulo its center Z(U) = U N F*. Therefore, there exist «, 3 € mp such
that the elements g := (1 + 7)(1 + ) and h := (1 + 7™M ~=1)(1 4 B) lie in G.
Moreover, it is easy to see that 8 € m¥  that is, 3 = DoisM Bim® for some
B € f. Now let u = LT, (h?). Since h? = (1 + 6PxN-P)(1 + B7), we have
u=0PxN=P 4+ B 2N € Lyreqr. Clearly, g and h commute, so 3(g,u) = 0 by
Lemma 3.6. Therefore, Tn(0x,(9)g " u) = 3(g,u) = 0.

Since p 1 d, the restriction of the trace map tr to f is non-zero, so by
Proposition 5.17 we can assume that A\g lies in f. Let ? = 0,,. We have
7= (14+2)(1+a), whence 0(g) = Mz(l + a) + (1 +x)d(@). Since & € mp and
Ao € f, both @ and 9(@) belong to f[z¢] and hence lie in the center of A. Hence,
297 ' = Xox(1 +2)"1 + v where vy = 0(a)(1 + @)t € zf[z?]. We have

0(9)7 ' = (Mox(1 + )" + ) (0PN P + B8 aN)
= NPV P 4 2) 7L 4 PN P

N.xt =0if i > 0. We are interested in the fy-trace of the coefficient

since x
of 2 in the above expression. The second summand has zero coefficient of z™
since v € f[z¢], pd divides N, and p does not divide d. The coefficient of =¥
in the first summand is equal to \ofP. Hence, tro(A\of?) = Tn(2(g)g 'u) =0,

and we are done.

CASE 2: p | d and p > 2 (see [PR, pp. 684-685] and [PR, 4.7, 4.8]). Let
K = f((#P)) and let Dy be the centralizer of K in D. Let v C w be the
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(unique) extension of f of degree p. Then Dy = v((r)) is a division algebra of
degree p over its center K. Let H = SL1(D;) C G.
The following computational result is proved in [PR, p. 684].

LEMMA 6.1 ([PR]): Let 0 € f and s € N, and assume that p > 2. There exist
commuting elements g, h € H such that

hP =1+ 9”771’25_7’ + 9”7#’28_1 mod 71'”280131
and
g=1+7—¢rPmodnP™Op,,
where { € v and try ¢(§) = 1.

Note that N = pdM is divisible by p?. Let s = N/p?, let § € f be arbitrary,
and let g,h € H be as in the conclusion of Lemma 6.1. As before, we have the
equation 3(g,u) = 0 where u := LT, (h?) = 0PxN P 4+ P2V =1 4 52V for some

d € v. Computing 3(g,u) as in case 1, we conclude that
trw /g, ((2X0 — EXo(p))07) = 0.

Since try /g, (@0P) = tre g, (try e()0P) for any o € w, we get

(6.1) try /e (200 — EXo(p)) = 0.

We have try,/¢(§Ao(p)) = try/e(trw v (Xo(p))§). The Galois group Gal(w/v) is
generated by oP, whence

d/p-1 p-1 d-1
try v(Mo(p) = Z ap’(ZaJ()\o)) = Za’()\o) = try,/¢( o).
i=0 j=0 =0

Therefore try /¢(§Ao(p)) = try/e(Etrw/e(X0)) = try/e(§)trw/e(Ao) = try/e(Xo).
Combining this with (6.1), we finally conclude that try ¢(Ao) = 0.

CASE 3: p =2 and d is even (see [PR, 5.6,6.6]). Let K, D;,v and H be as in
Case 2. Let s = N/4. Fix § € f. By Lemma 8.2 (stated later in the paper)
there exist g, h € H such that

h=147*"tmodn*20p, and g=1+6r+ Br>modn30p,,

where try ¢(8) = 0%. It is easy to see that (g, h) =14 607> mod 7*+20p, .
Now let § and h be any lifts of g and h in G. We shall use the identity

(6.2) (9,h%) = (9, h)*((g, ), h).
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Since (g, h) € y2s+1G (see above) and dep(G, ¢) = N > 2s+ 1, we have (g, h) €
Y2s4+1G. Hence, (§,h)? € yn41G by Lemma 3.2.
Let

U =
u

It is easy to see that w = zN/?71 u = 2VN=2 and v = 22 N/2+1 4 ...

It follows from (6.2) that

(h=2)7 - h* = (9, h), ) mod we 1 G(= v 11G).

Since d,,(h) = du((g,h)) = ¢/2 and d,(h?) = ¢, projecting both sides of the
above equation to wcé’/wcﬂé’, we get 4 — u? = [w,0]. It is clear that the
elements @ — f(u), o — f(v) and @ — f(w) lie in V = yyG/yn11G. Since V is
central in L, and is acted trivially on by G, we have 4 — fu) =49 — f(u)? and
[w, 0] = [f(w), f(v)]. Hence,

(6.3) fu) = f(w)? = [f(w), f(v)].

Applying the map f¢. to both sides of (6.3) and subtracting the result from
(6.3), we get

(6.4) 3(9,u) = Z(w, v).

Now let A = Ag. Since u € Lgrear, we have 3(g,u) = cx n(g9,u) = Tn(0A(9) -
g 'u). Clearly, g = 1+ 6z + Bz? + - - -, whence 0,(g) = 0 z + BA(2)2? + - -
We have

0A(9) g u= 02N+ (BA2) — 02X)2™ = 0AaN T + (Bo(N) — o (B)N)2 ",

where at the last step we used that 62 = 8+ o(8). So, 3(g,u) = tro(Bo(\) —
a(B)A). But 8 € v, whence 0%(3) = . Therefore, tro(Bc(N\) — o(B)N\) =
tro(o(a(B)N) — a(B)A) = 0. Thus, 3(g,u) = 0.

Finally, Z(w,v) = Ty (@Or(w)v) = tro(A(N/2 — 1)6%). Now A(N/2 — 1) =
AMdM — 1) = Mtr(\) — o~ 1()\). Since tr(Mtr()\)) = dMtr()\) = 0, we have
tro(Mtr(\)6?) = 0. Therefore, (6.4) implies that tro(c—!(\)6?) = 0. The last
equality holds for any 6 € f, and we conclude that tr(\) = tr(c=*(\)) = 0. |
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7. Exceptional cases

7.1 PRELIMINARIES. In this section we will finish the proof of Theorem 5.7 in
the cases p =d =3 and p = 2, d = 4. The main difference with the regular case
is that we will only be able to classify admissible cocycles. Recall that the only
results that require different arguments are Lemma 5.11b) and the conclusion
of the proof of Theorem 5.7a) (the part following Lemma 5.9). We retain all
notations introduced in Section 5.

A key role in the proof will be played by the following formula, describing
the action of elements of W* on L = L“(G). Note that W* N G is generated
by elements of the form (1 + h)~lo(1 + h), where h = Ar® for some \ € w and
seN

PROPOSITION 7.1 (W-action formula): Let A € w, s € N, and let
g=9g\s) =1+ "1+0(\)7*) where T = 7%
Let o € w, k > e and let u = az®. We have

w =u+ Z oan()\)kard”S,

n>1,
dw (k+dn)=dw (k)

where
Fu(\) =a(A" ) (a(A) = A) + 0" (A" 1) (0" () — " ()
FOY o)) = Nt () — o).
Proof: Direct computat_ion. |

It will also be convenient to introduce one more definition.

Definition: Let k be a subfield of w. A map C: w x w — F, is called k-
balanced,’ if C(ka, 3) = C(a, k3) for all a, 3 € w and & € k.

Notations: Throughout the section n, C, Z are fixed and assumed to satisfy
the hypotheses of Theorem 5.7. Recall that Z is a regular admissible cocycle,
and C is the weight n component of Z.

We will use shortcut notations

Z; i, B) == Z(aaci,ﬁacj) and Cj(o, ) := C(awi,ﬁx"ﬂ-) = Z;in—i(a, B).

9 I am thankful to Gopal Prasad for suggesting this term
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Recall that n[i] = o%(n) —n (where n € w and i € 7).
Finally, we will write d,, (¢, j) for the pair (d,(7),d.(j)).

7.2 THE CASE p=d = 3.

Proof of Theorem 5.7a): Recall that C; = 0 if either 3 | ¢ or 3 | (n — i) (by
Claim 5.8). So we can assume that 3 { ¢ and 3 t (n — i) (which implies that
i =3 n—1). It is easy to see that there exists n € w such that n[i] = n[n—i] = 1.
Applying (5.6), we have C;(«, 8) = Ci(a, —f) for all o, 5 € w, whence C; is
identically zero. |

Proof of Lemma 5.11b): First of all, let us explicitly write down W-action
formula for the case p =d = 3.

Given k,s € N, a, A € w, let u = az® and g = g(), s) be as in Proposition 7.1.
If K =5 1, then

u? = oz —tr(\) 23 4 tr(Ao(V)2F 0 + (6(N3) — N(V)z* %) +..)
If k =3 2, then

w9 = aa® + tr(N)a" 3 4 (A2 + Ao (X))o
+tr(\tr(A2) = A%+ N())zF 9 4.

Here N denotes the norm map of the extension w/f.

We claim that it suffices to prove Lemma 5.11b) for all ¢ such that (i) <
27. Indeed, if (i) > 27, then d, (i) = d, (i — 27) and ¢ — 27 € L4, so by
Lemma 5.11a) we have C; = C;_27. Hence, we can replace i by i — 27 and repeat
the process several times if needed. Note that if (i) < 27, then d, (i,n — i) =
do (i +27,n — i — 27), since €(i) + 27 < 54 < e and e(n — i) = e(n) — (i) >
e(N)—3—-27>73>2T7.

So, from now on we fix i € I,¢; and assume that d,(¢,n — i) = du (i + 27,
n—i—27). Take any A € w, and let g = g(\, 3) be defined as above.

Given o, 8 € w, let u = az®, v = B2"~""27. Let ¢: G x L — F, be a map
compatible with Z. We have

(1) Z(w0) ~ Z(u?,0) = c(g, [u,0]) = c(g, (a0(B) — o~ (@))a"27).

Note that the right-hand side of (7.1) depends only on ao(f) (if we keep A
fixed).
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Now compute u? and v9 using W-action formula (note that ¢ =3 1 and
n —i =3 2). The left-hand side of (7.1) can then be expanded by bilinear-
ity. Note that Zj ; = 0 when £+ j > n+ 3, since n > N — 3. Using this fact we
get
(7.2)

Zivon—i—21(tr(N) e, B) — Zi n—i—18(c, tr(N)B) — Ziy18 n—i—27(tr(Aa(N))a, B)

(
+ Zivon—i—18(tr(N)a, tr(N)B) — Zin—i—g(e, tr(Aa(A) + A?) )
— Zitorn-i—21((0(X°) = N(\))e, B) = Ziy1sn—i—1s(tr(Aa(X))a, tr(X)f)
+ Zivon—i—o(tr(Na, tr(Aa(X) +A?))
— Zim—i(a, (kr(M)tr(A?) — A* + N(X))B)
= R(ao(B)) for some function R: w — F,.
Now let j, k be such that k,j > e, (j,k) is regular and ce < k4 j < N. Let

m = j+ k. Applying the regular case argument of Lemma 5.11b) to the cocycle
Z\m, We have

Zik(a,nB) = Z; k(na, B) for all n € A,

where A is the ring generated by {o(n)—n | tr(n) = 0}. In the casep = d = 3 it is
easy to see that A = f, so Z; 1, is f-balanced. We also know that Z; , = Zj19 k9
if dy,(j, k) =dw(+ 9,k —9) (Lemma 5.11a)).

Since d,(i,n — i) = dy, (i + 27,n — i — 27), we have

Zin—i = Zit9n—i—9 = Zit18,n—i—18 = Lit27,n—i—27,

Zin—i—9 = Lit9n—i—18 = Zit18n—i—27
and

Zin—i-18 = ZLit9,n—i—27-

Using these observations and the fact that tr(Ao()\)) = tr(\?) — (trA)?, we can
simplify the left-hand side of (7.2). After setting D = C;(= Z; n—:), we get

D(a, N*B) = D(o(X*)a, B) = R(ao(B)).
Now let o/ = o(A\3)ar and 3 = B/A3. Clearly, o/o0(8') = ac(8), whence
D(o(X)a, B) = D(a(A\°)a, B/X°) = R(ao(B)).
Similarly, we have

D(o(A")a, B/X%) = D(a(X)a, B/A%) = R(ac(83)).
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Adding the last three equations, we get
D(a, X’ 8) = D(o(A”)ax, B/A°).

Since A can be chosen arbitrarily, we conclude that D(«, 3) depends only on
ac(B), whence D(«, 3) = tro(pao(8)) for some p € w. |

7.3 THE CASE p =2, d = 4. Let k be the unique field lying strictly between
f and w (so that [k : f] = [w : k] = 2). It is easy to show that tr = try
vanishes on k, and k = {o(n) — n | tr(n) = 0}.

Proof of Theorem 5.7a): First assume that n is odd, in which case the result
is an easy consequence of Lemma 5.9a). Indeed, let n be any element of k\f. If
i € Iyo0q is even, then nfi] = 0, while n[n — i] # 0 since n — i is prime to d = 4.
It follows from (5.6) that C; = 0. The case of odd ¢ is similar.

Now assume that n is even. Since 4 { n, we must have n =4 2. Preliminary
information about C' is given by the following result.

LEMMA 7.2: Fix an integer ¢ such that e <1 < n —e.

a) If i is even, then C; = 0.

b) If i is odd, then C; is k-balanced and symmetric, that is, Ci(«,3) =
Ci(8, ).

Proof: a) If ¢ is even, then either 4 | i or 4 | (n — 1), so C; = 0 by Claim 5.8.

b) The fact that C; is k-balanced follows from (5.6) since k = {o(n) — n |
tr(n) = 0}. Showing that C; is symmetric is equivalent to showing that C; =
Cp—;. Note that i =4 (n — i) since ¢ is odd and n =4 2. If ¢ > n — i and
g(i) > e(n—1i) (ori < n—iand (i) < e(n—1)), then C; = C,,_; by Lemma 5.9b).
If i >n —iand €(i) < e(n — i) (or vice versa), use the fact that C; = Cjqqe for
1—-du(i) <a<c—1-d,(i) and apply the above argument. |

Next we use W-action formula. Given o, A € w and k > e, let g = g(\, s)
and u = az”.

If k =41, then

ud = Oz(;L‘k + (>\+O'2()\)):L'k+4s + (O’()\Q) +>\0'2(>\)):L‘k+88 + )
If k =4 3, then
w9 = a(mk 4+ (0-()\) +U3()\))$k+4s + (tr()\Q) + 0_2()\2) +o‘()\)03()\))l'k+88 4. )

Fix ¢ such that e < ¢ < n — e and assume that ¢ =4 1. As in the case
p = d = 3, we can assume that d,(i,n — i) = d,,(i + 16,n — i — 16). Now let
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«: G x L — F, be a map which is compatible with Z and linear in the second
argument (unlike the case p = d = 3, the last condition will be used). We
shall apply the compatibility equation Z(u,v) — Z(u9,v?) = ¢(g, [u,v]) to the
elements u = az’, v = " 7% and g = g(\,2), where )\, a, 3 are arbitrary
elements of w.

Since k = {o(n) —n | tr(n) = 0}, it follows from Lemma 5.9a) that Z ; is
k-balanced whenever k,j > e, ce < k+ j < N, (k,j) is regular, k and j are
odd, and k =4 j. Computing 9 and v? by W-action formula and simplifying
the expression Z(u,v) — Z(u9,v9) using the above observation, we get

Zin—i(e, B(a(N?) + A0*(N)) + Zigsn—i—s(@(A +0*(N)), B(A + *(N)))

(7.3) ) )
+ Zi+16,n7i716(04(0—()\ ) + )\J ()\)); 6) = R(Aa OéO'(ﬂ) - 60’(0[)),

where R is linear in the second argument. Let D = Ci(= Z; n—i = Zitsn—i—s =
Zi416,n—i—16). Writing p for o(A\?) in (7.3) and simplifying further, we get

(7-4) D(ap, B)+D(a, fo® (1)) +D(a, B-tr(u)) = R(o™" (), ao(B) — o (a)).
Before proving that D = 0, we establish an auxiliary result.

CramM 7.3: The following hold:
(i) D vanishes on kv x kv for any v € w.
(ii) There exists A € k such that D(a, 3) = tro(Aac?(B)) for all a, 3 € w.

Proof: Let u € w be such that o?(u) = pu+ 1. It is clear that tr(u) = 0.
Applying (7.4) with this value of x and o = 8, we get

D(ap, o) + D(ay, ap) + D(a, ) = 0.

Since D is symmetric, we conclude that D(«, «) = 0 for all « € w.

Now fix v € w. Given A, € kv, let o = /A and k = \/A/p. Since x € k
and D is k-balanced, we have D(X, ) = D(ak, %) = D(a,a) = 0. So, we
proved (i).

Part (ii) will be proved by dimension counting. Fix v € w such that w =
k ® kv. Let V be the space of bilinear maps from w x w to F, that are
k-balanced, symmetric and vanish on k x k and kv x kv. Clearly, a map
from V is uniquely determined by its values on {(1,xv) | k € k}. Therefore,
dimrp, V' < [k : fy] (recall that fy = F,). On the other hand, every map of the
form (a, B) = tro(Aac?(3)), with A € k, lies in V since k is the fixed field of
o2. Clearly, the subspace of these trace maps has dimension [k : fy], so we are
done. |
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An immediate consequence of part (ii) of the above claim is that

D(ap, B) = D(a, Bo® (1) for all a, B, € w.

Thus (7.4) simplifies to

D(a, 3 - tr(p)) = R(o ™" (V/), ac(B) — fo(a)).

Now fix p, with tr(p) = 1, and let F(z) = R(o~'(\/z),z). Thus, D(a, 3) =
F(ao(B) — Bo(a)) for all @, 3 € w, where F: w — F, is linear.
Choose k € k with o(k) = k4 1. By Claim 7.3(i) for any oo € w we have

0= D(«a,ak) = F(ao(a)(o(k) — k) = Flao(a)).
Since F is linear, for any «, § € w we have

F(ao(B) + fo(a)) = F((a+ f)o(a+ ) — Flao(a)) — F(Bo(f)) = 0.

Hence, D is identically zero. Thus we showed that C; = 0 if i =4 1. The case
i =4 3 can be done in a similar way, but it can also be deduced from the case
i =4 1 using the semi-cocycle identity. |

Proof of Lemma 5.11b): Arguing as in the regular case, we have
(7.5) Zim—i(ao(n), B) = Zim—i(a,nB) forall @, € w and n € k.

We must now prove the above formula for n ¢ k. Once again, we can assume
that dg,(¢,n — i) = d, (i + 16,n — i — 16). Arguing as before and taking (7.5)
into account, we get

(7.6) D(ao(X\?),8) + D(a, fA?*) = R(ac(B)) for any o, 3, ) € w,

where D = Z; n—i = Zi18n—i—8 = Zi+16,n—i—16 and R is some function. Now ar-
guing as in the case p = d = 3, we conclude that D(ac(\*), 3/A\?) = D(a, B)\?),
and the assertion of the Lemma follows. |

8. The case p=d =2

This is the most demanding case. The main problem here is that the Lie algebra
of G with respect to any basic filtration (as defined in section 3) is solvable, and
while its second cohomology is computable, it does not yield enough information
about group cocycles via the compatibility equation.
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The filtration we use in this case is less natural, the associated Lie algebra
has more complex structure, and the corresponding associative algebras cannot
be defined at all. The proof becomes more technical, although it is based on
similar ideas.

As before, let G, be the n*® congruence subgroup of G, and let E,, = W*NG,,.
The following relations are easy to check.

LeEmMA 8.1: The following hold:
a) G2 C Gy, foralln > 1;
b) G = Gap—o for all n > 4;
¢) (Bn,En)=1foralln,m>1;
d) (En,Gm) C Gpyan for alln,m > 1.
As in the regular case, fix an elementary cover (G’, ¢) of G and let N =
dep(é’, ¢). We shall assume that N > 100p3d = 1600 and reach a contradiction.

We start by defining the filtrations {w;G} of G and {w;G} of G. Choose the
numbers ¢ and e such that 4 | ¢ and

(8.1) (e+1)(2¢—1) < N < 2ce

(Wi—1G, w1 Q) - (wi—1G)? and w,G = (wi- 1GLwi @) - (wi—1G)2. Finally, for i > ¢,
set w;G = yn4+1G and w;G = ’yNHG

Let wiG = 741G and let wlé = 'ye+1é For 2 < i < ¢, set w,G =

The subgroups {w;G}5_; can be described explicitly as follows:

w1G = Gaey, wolG = Gee - Byey, w3G = Groe - Eae,
(8.2) WG = Gur—2)e " Ear—a)eq2 for 4 <k <ec¢, we1G = Gan.

While {w;G} and {w;G} are not basic filtrations, the construction of Section 3
can still be applied. There are a few things to check though. First, we need to
show that {w;G} and {w;G} are indeed 2-filtrations of G and G, respectively.
Moreover, in order to apply Lemma 3.6 and Lemma 3.7, we must show that
weG 2 yv_1G and weG D YN 1G. Clearly, it suffices to verify the following

inclusions:

(8.3) a) (WcG) Cwer1G D) (WG wi1G) Cwei1G ¢) Wl 2 Y(2e-1)er1G
(84)  d) @WeG)? CwetrG e) (WeG,wiG) CwentG ) WG D Yzem1)er1G-

Inclusions a), b) and c¢) follow immediately from Lemma 8.1 and (8.2).
d) By (8.2) and Lemma 8.1 we have w.G C Y(2c—2)e+2G- It is clear from the
definition that d)(wcé) = w.G, whence w.G C 7(20_2)e+gé -Ker ¢. Now Ker ¢ is
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central and has order 2, so (w.G)2 C (7(2672)%2@)2. Finally, (W(QC,Q)HQCAT')Q -
Yn4+1G by Lemma 3.2 (where f(i) = 2i — 2).

e) Let B, = ¢~'(E,). Arguing as in d), we have w.G C 7(26_1)€+1C¥~
E(4c_4)€+2, whence

(weG,w1G) € (7(2c71)e+1G'E(4574)e+27’7€+1G) c 7206+2é'(E(4c74)e+2,7e+1é)-

By assumption 2ce > N, so fygceJrgG - ’yNHG' = wcHG Now

(Blac—tyetr2: Yer1G) = (Blac—ayer2, (76, G)) C
(85) ((E(4c74)e+2a G)a Weé)((E(4c74)e+27 'Yeé); G) c ((E(4c74)e+2a G)a é)

For each n > 1 we have (E,,G) C Es,41 by Lemma 8.1, whence (En,é)
E2n+1. It follows immediately that (E(4c_4)€+2,é) C 7(40_4)e+26¥ - Ker ¢
v~ G, whence (E(4C_4)e+2,76+1é) C n41G by (8.5).

f) We know that w.G O Gc—2)e = V(2e—1)e+1G, Whence v(gc,l)eﬂé

N

weGynG. Since N > (2¢ — 1)e + 1, a standard argument implies that
7(2c—1)e+1é C wG.

In order to describe the Lie algebra L = L*(G) we need the following lemma.

LEMMA 8.2: Let « € w and n € N, and assume that « € f if n is even. Then
there exists ¢ = gan € G such that g = 1 + an™ + 72" mod Us,, for some
B € w. Moreover, if g is of the above form, then tr(3) = ac(a).

Proof: The proof is similar to that of Proposition 4.1a). |

Remark: Since [w: f] =2 and p =2, a € f if and only if tr(a) = 0.

Let S = {(a,n) € w x N | n >2eand a € f if n is even}. For each (a,n) €
S choose g.,n € G satisfying the conclusion of Lemma 8.2. It is clear that
LT, (ga,n) does not depend on the choice of go,n, and LTy, (ga,n) + LT (98,n) =
LT, (9a+ﬁ,n)'

Now we can identify L with a subspace of £ = GBQN_l

9. wz' via the linear
map defined by LT, (ga,) — ax™. Under this identification the w-homogeneous

components {L¥}$_; are given as follows:

2e—1 3e—1

LY = @ f2% @ @ w2t
i=e i=e
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4e—1 5e—1
Ly = @ fo? @ @ waZit
1=2e i=3e
6e Te—1
Ly = @ fz? @ @ w2 Tt
1=4e 1=5e
2ke (2k+1)e—1
L= @ %o P wa! ford<k<c-1
i=(2k—2)e+1 i=(2k—1)e
N-—-1 N-1
LY = @ fo? @ @ wa?t,
i=(2c—2)e+1 i=(2c—1)e

Given n € N, with 2e < n < 2N — 1, let d,(n) be the unique number k such
that 2™ € LY. If n > 2N — 1, set dy,(n) = oo.

Unlike the regular case, it is not true in general that [L N wz™, L N wz™] C
LN wz™t™ (although this is true if d,(n) > 2 and d,(m) > 2), so there is no
direct analogue of the “thin” grading on L. We will go around this problem by
considering the smaller algebra L8090 := @Y " £22 ¢ @N ! wa?+1. The Lie

bracket on L&°°Y is given by the following formulas:
[a$2i+1,ﬁ$2j] — aﬁQxQ(HQj)H, if dw(2i + 1) +1= dw(2’i + 45+ 1))7
[az®, 2] = (a0 (B) — Bo(a)z*HIHD,
if dp(20+1)+du(25+1) =du(2(i 45+ 1)),
and all other commutators of the form [ax”, 32| are equal to zero.

Moreover, L&°°d is invariant under the action of G. Finally, L&°°? admits

another grading @fﬁ;l L;, where
(8.6) L, — fo" @ fan/2 if 4 | n'and de<n<8—4
LNnwz™, otherwise.

If C'is a cocycle of L and n > 8e, we define C),, (the weight n component of
C) to be the cocycle of L&°°? (not the entire L) given as follows. If u € L; and
v € Lj, set
| Cu,v) ifi+j=n
C”(“’“){o if i+ j #n.
Finally, as before we set C; j(«, 8) = C(ax’, B2?).

8.1 COCYCLE DESCRIPTIONS. In this subsection we obtain partial information
about homogeneous cocycles of L&°°d, Fix n such that d,(n) = c. If n is even,
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assume in addition that n > (4c — 2)e + 14 (note that 2N — 2 > (4c¢ —2)e + 14
by (8.1)). Let C be the weight n component of some admissible cocycle of L.

CASE 1: n is odd. We claim that C is a coboundary. Replacing C' by C' — B
for some coboundary B, we can assume that C(22¢, B2"4¢) =0 for all 3 € w.

Under this assumption, we shall prove that C' = 0.

It is enough to show that C'(ax™"™,B2™) = 0 for all odd m such that
az"~™ Bx™ € [#°°d, Assume first that 3 < d,,(m). Then we have

Claa™™™, ™) = Claa"™™, [Ba™ =4, 22))
(87) — C([O{l‘n_"b, ﬁxm—4e]’x2e) + C([Oél'n_"b,$2e],ﬁ$7”_46).

In the last expression the first term is equal to zero by assumption, while the
second term is zero since [az™ ™™, 22¢] = 0 (as both n — m and 2e are even).

If d,,(m) < 2, write az™ ™ in the form [a12*, auz!], where k and [ are both
odd and k,l > 4e + 1, and use semi-cocycle identity.

CASE 2: n is even (recall that (4c—2)e+ 14 < n < 2N —2 by our assumption).
In this case we will use W-action formula. When p = d = 2, it gives the
following. Assume that & > e is odd, a,A € w, s > 1. Let u = az® and
g =9g(A\,s). Then

(88) ud = a(xk + tr()\Q)xk+4S + O'()\2)tr(>\2)l'k+85 + - )

An argument similar to the ones we used in other exceptional cases yields the
following. Let Iy := {i € N | 4e < i < N —4eandiisodd}. If m >
(4c —2)e+ 14 is even and % € I,cq4, then

(89) Ci,m—i = Uitam—i—a if dw (’L', m — ’L) = dw (’L + 4, m—1— 4);
(8.10) Cii,m—; is f-balanced.

From now on we write C; for C; ,,_;. Let r = n — (4c — 2)e. Note that by our
assumptions on n we have 14 < r < 2e.

CLAIM 8.3: Suppose that i = (4a + 2)e + (2b+ 1), where 1 < a < ¢ — 2 and
0 < b < e+r/2. Then there exists \; € w such that C;(«, 5) = tro(Aao(5))
for all a, 3 € w. Moreover, \; depends only on the parity of a and b.

Proof: First we will show that if a is fixed, then C; depends only on the
parity of b. Indeed, let i = (4da +2)e + (2b+ 1) and i’ = (4da + 2)e + (20’ + 1),
where b and b’ have the same parity and 0 < b,¥’ < e+ r/2. Then n —i =
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(4(c—a—2)+2)e+(2e—2b—1+r)and n—i’ = (4(c—a—2)+2)e+(2e—2b'—1+r),
so clearly d, (i,n — i) = d, (i, n — i’), whence A\; = \;s by (8.9).
Now fix b. To prove that C; depends only on the parity of a, we must show
that C; = Cy48. or, equivalently, Cii4c — C; = Ciyge — Citae. We have
Ciyae(a, B) = Cila, ) = C([aa’, 2], fz"74¢) — C(aa’, [Ba" 171, 2*¢])
— C([a$i7ﬁx7z—i—4e]’x2e)

C((ao(B) - Bo(a)z"~",z*).

The last expression is independent of i, and we are done.

Now we establish the first assertion of the claim. Since C; = C(4q42)e4(20+41)
depends only the parity of a and b, we can assume that 0 < b < 2, in which case
dy(i,m —i —8) = dy,(i +8,n —14). Let ¢ be a map compatible with C'. Given
o, B, 1 € w, we use the compatibility equation (3.2) with u = ax?, v = B2~ ~8
and g = g(\/11,1). Applying W-action formula and using (8.9) and (8.10), we
get

D(a,a(p)tr(p)3) + D(tr(p)a, tr(u)f) + Dlao(p)tr(p), ) = R(ao(3)),

where D = C; and R is some function. Since tr(p) = p+ o(p) and D is
f-balanced, we have

D(a,a(p)tr(p)B) + D(utr(p)o, ) = R(ao()).

Arguing as in other exceptional cases, we conclude that D(a, 8) = tr(\;ao(f))
for some \; € w. [ |

For the rest of the section, we set
P = Aak42)et(20+1), Where 1 <k <cand 0<[<e+1/2.

According to Claim 8.3, jx,; depends only on the parity of £ and [.

LEMMA 8.4: Let k,l be as above.
a) If n =42, then pi € f.
b) If4 | n, then pug; = o(fk,1+1)-

Proof:  a) Let i = (4k + 2)e+ (20 + 1) and let »r = n — (4c — 2)e as before.
Since C;(a, 8) = Cp—i(B, @), we have

tro(Aart2)er2141)20(B)) = tro(A((a(c—k—2)+2)et2e+r—(21+1) B0 (),
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whence py,; = a(uc,k,g,e,l,ur/g). Since ¢ and e are even, fio_g_2 c—1—14r/2 =
Ph,e—l—147/2 = Mi,r/24141- Since n =4 2, /241 is even. We get g = o(pr,1),
whence py; € f.

Proof of b) is analogous. |

8.2 PROOF OF THEOREM 5.1. Let Z = Z; and 3 = 3y be defined as in
Section 3. Recall that by Lemma 3.7, 3 does not vanish on G x U, where
U = ynv-1G/vn+1G. On the other hand, 3 vanishes on G x V, where V =
YNG/YN+1G. Since U = V @ wz?N=3 @ f2N—1 there exists @ € w and
g € G such that either 3(g,az?¥=%) # 0 or 3(g,az*¥=3) # 0. We are going
to construct an w-splitting f for which the above assertion does not hold, thus
reaching a contradiction.
We start with a simple observation.

CLAIM 8.5: Let n be even, with d,,(n) = ¢, and let A € f. Define D) ,: Lgocd %
Lgood I, by setting

Dan(az’, fa’) = {tro()\ao(ﬁ)) ifi4+j=mn,d,(i) +du(j) = cand i is odd,
A ’ 0 otherwise.

Then D), is a coboundary.

Proof: Note that the above definition of D, ,, is essentially the same as the one
used in Section 5 (we simplified the formula using the fact that A(i) = i\ for
A € f). Thus we can simply adjust the argument of Proposition 5.5b). |

Now let f be some w-splitting, and let Z = Z;. For the rest of the section we
set C'= Zjan_2, and let Ay, pg; be as in the conclusion of Claim 8.3 applied to
C.

PROPOSITION 8.6: We can choose f so that the following conditions are satis-
fied:

a) Z, =0 for all odd n, with d,(n) = c.

b) Either 12 =0 or 12 ¢ £.

Proof: a) In the last subsection we showed that Z),, is a coboundary (of Lgood)
for any choice of f. Therefore, by changing f, we can assume that Z,, = 0.
b) This is a direct consequence of Claim 8.5. |

From now we assume that f satisfies the conclusion of Proposition 8.6. Note
that Z = Z; vanishes on L; x L; if either
A) i+ jisodd and d,(i+ j) = cor
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B)!® i+ j>2N.

Indeed, A) holds by Proposition 8.6a). If both ¢ and j are odd, B) can be
proved in the same way as Claim 5.3. Finally, B) in the case of i and j even
follows from B) in the case of i and j odd and the semi-cocycle identity.

Now let g € G and o € w be arbitrary. Write g in the form 14+am +br2+-- -,
where a,b € w. By Lemma 8.2, we have tr(b) = ac(a). If m is odd and
u = ax™, direct computation shows that

ud = az™ +tr(ac(a))z™ ! + a®o(a)z™ T + .-
It is also easy to see that
($2e)g _ $2e + ax4e+1.

Using properties A) and B) above we have

2N—3) 2N —3—4e 1,2@])
Y

= 3(9, [ox
= Z((aa? 7371e)9 (32¢)9) — Z(az?N—3-1e g2¢)
= Z(ax®™ 3% 1 tr(ao(a))a?V "2 g2 4 ggiet?)

_ Z(aa:QN_s_‘le’xQe)
= Z(Oé$2N7374e7a,:r4e+1) + Z(tr(ao(a))z2N’2’4e,x2€)
= Z(Jaa?N =378 32 qadetl) | Z([aatet!, N —3-8¢) g2¢)
= Z([z%°, az** ], aa?V —378¢) = Z(qaBet!, PN —3-8¢)

(8.11) = tro(u1 200 ()

3(g,

Next we compute 3(g, az?N¥~*) (this time a € f). Choose odd numbers k and
I such that k+1 = 2N —4 and d, (k) = d, () = ¢/2. Choose 8,7 € w such that
a = tr(Bo(y)). We have

3(g, az®N 1) = 5(g, [Ba*, ya']) = Z(B2" + tr(ao(B))a" ! + a®o ()2,
vl ttr(ao(y))z™ + a®o(v)2"*?) — Z(Ba",~a')
= Z(Bz", a*o(v)xT?) + Z(ao(B)x" T2, yath)
(8.12) = tro((Ax + A)Byo(a?)).

We are now ready to prove that 3 vanishes on G x (wa?N =3 @ fz2V—4),

10 Note that z2¢ lies in Lye, not in Lo, according to (8.6).
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CASE 1: N is odd. First of all, we claim that 3(g,az?N~%) =0 for all a € f
and g € G. Indeed, if k and [ are as in (8.12), then k =4 [, whence A\, = \;.

Now let § € f, and let g = 1+ 67 + ---. Arguing as in Section 6 (case 3), we
conclude that Z(zN=2,022) = (g, 2%V ~*) (see (6.4)). We just showed that
3(g,22N=%) = 0. Therefore, tro(An0?) = Z(zV~2,0%2N) = 0 for all § € f,
whence tr(Ay) = 0, i.e,, Ay € f. Now N = (4(¢/2 — 1) + 2)e + r where
e < r < 2e. Since 4 | ¢, we have Ay = Aeja—1,r = p1,1 or pp2. Since C has
weight 2N — 2 and 4 | (2N — 2), p1,2 = o(p1,1) by Lemma 8.4b). Therefore,
p1,2 = p1,1 € £. By Proposition 8.6b) we have pq,2 = 0, so according to (8.11),
3(g,ax?N=3) =0 for all a« € w and g € G.

CASE 2: N iseven. We apply the procedure described in [PR, 7.3]. Let w € D
be such that

(8.13) w? +wr? =72,

Then w € mp; moreover, w = 7 + &2 + - -+, where tr(€) = 1, and 1 +w € G.
Note that w?/(1 —w) = 72, whence K := f((w)) is an extension of F = f((7?))
of degree 2. Now w/(1 —w) is also a root of (8.13), whence there exists A €
Gal(K/F) such that A(w) =w/(1 —w).

Fix 0 € f. Let b := (1 + 6w™3)"TA(1 + w™~3). Note that Ny, p(b) = 1,
whence b € G. An easy computation shows that b = 1+ 6w 2 mod w™ 1 f[[w]]
and b =1+ 0?72V ~*mod 72N —20p, so

LT, (b?) = 0222V =4 + v, where v € V = ynyG/vn11G.

Let h = 1 + w. Note that h and b both lie in K and therefore commute,
s0 3(h, LT, (b%)) = 0 by Lemma 3.6. Since v € yvG/yn11G, 3(h,v) = 0 by
Lemma 3.7c). Therefore, 3(h, 0?22V %) = 0.

Now let a = 6? and fix £ € w such that tr(¢) = 1. Then a = tr(Bo(y))
where 3 = 1 and v = 62¢, and (8.12) yields

(8.14) 3(h, 022N ) = tro((11,2 + p11,1)0%€).

Since (2N — 2) =4 2, Lemma 8.4a) implies that p; 1,012 € f. By Proposi-
tion 8.6b), the latter implies that p; o = 0.
It follows from (8.14) that

0= tro(ﬂ17192§) = trf/fo (‘LL17192tI‘(§)) = trf/fU (‘LL17192).

Since the above equality holds for all 6 € f, we conclude that p;; = 0.
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So, we showed that w11 = p11,2 = 0. Therefore, 3(g, ar? N4 =0foralacf
and g € G by (8.12), and 3(g,az*¥=3) = 0 for all @ € w and g € G by (8.11).
[ |

9. Some properties of finite fields

Here we collect several properties of extensions of finite fields, which are used for
computation of Lie algebra cohomology. We retain all notations from previous
sections. Recall that f 2 F; and w = Fa.

LEMMA 9.1 (see [Ri, Lemma 4]): If p # 2 or d # 2, then there exists n € w,
with tr(n) = 0, such that n generates w over f (as a field).

LEMMA 9.2: Assume that the pair (p, d) is different from (2, 2), (2,4) and (3, 3).
Let k = 2, if p > 2, and let k = —1 if p = 2. Then there exist elements
n,m1,m2 € W such that tr(n) = tr(ne) =0, n—n € £, ¥ —ny € £ and 7
generates w over f.

Proof:

CaAst 1: p t d. In this case for any u € w there exists A € f such that
tr(A+ p) = 0 since tr(A+ p) = dA +tr(p) when A € £, and the assertion of the
Lemma follows trivially.

CASE 2: p | d and p > 2. Note that in this case d > 5, since we assume
(p,d) # (3,3). By a result of Cohen and Mills [CM], for any a,b € Fg, there
exists a primitive polynomial f(x) € F,[z] of degree d such that f(z) = 2 +
ax?=1 4+ brd=2 4 ... (f is said to be primitive if it is irreducible and any of its
roots generates the multiplicative group of Fya). If we set a = b = 0 and let n
be any root of f(z), then clearly tr(n) = tr(n?) = 0 and 7 generates w over f.

CASE 3: p | d and p = 2. In this case we use a result of Chou and Cohen
[CC], which says that if d > 5 and the pair (¢, d) is different from (4,5), (2,6)
and (3,6), there exists a primitive polynomial f(z) € F,[xz] of degree d whose
coefficients of x and 24~ are both zero. If 7 is a root of f(x), then obviously
tr(n) = tr(n~') = 0.

Since ¢ is a power of 2 and d is even, the only remaining pair is ¢ = 2, d = 6.
In this case we let 7 be any root of the polynomial 8 + x3 + 1, which is easily
seen to be irreducible over Fs. [ |
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LEMMA 9.3: Let S = {o(n)—n | tr(n) = 0} and let A be the subring(=subfield)
of w generated by S. Then A = w with the exception of the cases p = d = 3,
p=d=2andp=2,d=4.

Proof: Given A € w, let AS = {As | s € S}. Note that if A # 0, then AS is
an f-subspace of w which has codimension 1 if p { d and codimension 2 if p | d.
Since w is a d-dimensional space over f, we conclude that AS NS # 0 as long
as d > 2 and ptd, or d > 4. This implies that every element of w is a ratio of
two elements of S unlessd=2orp=d=3orp=2,d=4.

It remains to prove the Lemma in the case d = 2, p > 2, which is very easy.
Indeed, A is a subfield of w containing f, and since [w : f] =2, A =w or A =f.
The latter is clearly impossible since card(A) > card(S) = card(f) and f does

not contain non-zero elements of zero trace. [ |

LEMMA 9.4: Let i and j be integers. Let A;; be the linear span of the set
Si; ={ac’(B) — o’ (a)B | o, B € w}. Assume that j is prime to d. Then

__{w it (i+j)

Y W {mew|te(n) =0} ifd]|(i+7).

Proof: 1t is clear that A; ; is a o-invariant f-subspace of w. Setting 8 = 1, we
see that S; ; contains all elements of the form a — o7 (). Since j is prime to d,
there exists k such that jk =4 1. Then o — o () = Zi:ol ol (a—dl(a)) € Ay j,
whence A; ; contains all elements of zero trace.

If d | (i+j), it is clear that every element of S;; has zero trace. On the
other hand, if d { (¢ + j), at least one element of S; ; has non-zero trace. Since
elements of zero trace form an f-subspace of codimension 1, it follows that
Aij=w. |
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